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Abstract. We recall definitions of linking numbers and Wu–Simon numbers for spatial graphs.
We expose a ‘converse’ to the Conway-Gordon-Sachs theorem (i.e. description of linking functions
for embeddings K6 → R

3), and some results on Wu–Simon numbers. We conjecture and discuss a
generalization of the Conway-Gordon-Sachs theorem to multiple linking. The exposition is based
on plane diagrams, so no knowledge of spatial geometry is required.
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Main definitions are given in §1. Main results are stated in §§4,5 using the notion of a linking
number defined (via projections) in §3. Proofs of the main results are sketched in §§6,7,9.

Remark (on the style of this text). In this text we expose a theory as a sequence of problems,
see e.g. [HC19], [Sk21m, Introduction, Learning by doing problems] and the references therein.
Most problems are useful theoretical facts. So this text could in principle be read even without
solving problems. If a mathematical statement is formulated as a problem, then the objective is
to prove this statement. Open-ended questions are called riddles; here one must come up with
a clear wording, and a proof. If a problem is named ‘theorem’ (‘lemma’, ‘corollary’, etc.), then
this statement is considered to be more important. Usually we formulate beautiful or important
statements before giving a sequence of results (lemmas, propositions, etc.) which constitute its
proof. We give hints on that after the statements but we do not want to deprive you of the pleasure
of finding the right moment when you finally are ready to prove the statement. In general, if you
are stuck on a certain problem, try looking at the next ones; they may turn out to be helpful.
Problems marked by star and remarks are not used in the sequel; although problems with star
are not necessarily complicated, they can be omitted during the first round of problem solving.
Important definitions are highlighted in bold for easy navigation.
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1. Links and plane diagrams

You can imagine a knot as a thin elastic string whose ends have been glued together; see the
components in Figure 1.1. Rigorously speaking, a knot is a spatial closed non-self-intersecting
polygonal line. A link (Figure 1.1) is an ordered set of pairwise disjoint knots, which are called
the components of the link.

(a) (b)

(c) (d)

Figure 1.1. The Hopf link (a), the trivial link (b) and another two links (c, d)

Links are usually represented by their ‘nice’ plane projections called plane diagrams (Figure 1.1;
by projection we understand shadow). Imagine laying down the rope on a table and carefully
recording how it crosses itself (i.e. which part lies on top of the other). A plane diagram of a
link is its generic projection onto a plane, together with an indication at every crossing, which
segment ‘passes under’ and which ‘passes over’ (Figure 1.1). The projections of the same link on
different planes can look quite dissimilar.
In this text we work rigorously not with links and their plane diagrams, but with abstract

plane diagrams. Here ‘abstract’ means ‘not necessarily constructed from any link’, and is mostly
omitted.
Rigorously, a set of closed polygonal lines in the plane is said to be generic if
(i) their vertices are pairwise distinct,
(ii) any two segments of the polygonal lines either are disjoint, or intersect at their common

endpoint, or intersect at their common interior point, and
(iii) no three interiors of these segments have a common point.
Common interior points as in (ii) are called crossings.
An (abstract) plane diagram consists of
• a generic ordered set of some closed polygonal lines in the plane,
• at every crossing, an indication which segment ‘passes under’ and which ‘passes over’ (Fig-

ure 1.1).
Each of the closed polygonal lines is called a component of the plane diagram.

Assertion 1.1. * For any one-component abstract plane diagram there is a knot projected to this
diagram. (Such a knot need not be unique; see though [Sk20u, Assertion 1.1.c].)

2. Linking number modulo 2

The notion of a linking number of two closed curves in 3-space was invented by K. Gauss in
his studies of electromagnetism [RN11]. Speaking informally, the linking number is the number
of turns one curve makes around the other. It is not clear how to define this number (even
informally) for complicated pairs of curves. Let us provide a rigorous definition in the language
of plane diagrams.
The linking number modulo 2, lk2 ∈ Z2, of a two-component plane diagram is the number

modulo 2 of the crossings at which the first component passes over the second component.
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(b) (w) (t)

Figure 2.1. The Borromean rings (b), the Whitehead link (w), and the trefoil
knot (t).
Every two of the Borromean rings are unlinked, but all the three of them are linked
(i.e. cannot be deformed in three pairwised disjoint balls, cf. §8)

Problem 2.1. (a,b,c) For your choice of the order of the components, find the linking numbers
modulo 2 of the plane diagrams in Figure 1.1, of the two-component subdiagrams of Borromean
rings in Figure 2.1.b, and of every pair of disjoint cycles of length 3 in Figure 4.1, right.

Figure 2.2. Crossing change. We show parts bounded by dashed circles of two
plane diagrams. The diagrams are identical outside the parts. No other segments
of the plane diagrams except for the pictured ones intersect the parts. Same for
Figures 3.3, 4.2, 8.1, 8.2, 10.1.

A crossing change is a change from overcrossing to undercrossing or vise versa, see Figure 2.2.

Assertion 2.2. For any two-component plane diagrams D+ and D− which differ by the crossing
change of a crossing of different components, we have lk 2D+ − lk 2D− = 1 ∈ Z2.

Assertion 2.3. Switching the components preserves the linking number modulo 2.

In the proof (and below) you can use without proof the following Parity lemma: any two generic
closed polygonal lines in the plane intersect at an even number of points. For a discussion and a
proof see §1.3 ‘Intersection number for polygonal lines in the plane’ of [Sk18, Sk].
The inverse of a polygonal line l = L1L2 . . . Lm is the polygonal line l := LmLm−1 . . . L1.

The concatenation of polygonal lines l = L1 . . . Lm and p = LmP2 . . . Pn is the polygonal line
lp := L1 . . . LmP2 . . . Pn.

Lemma 2.4. Let l1, l2, l3 be polygonal lines joining point A to point B, and disjoint with a polyg-
onal line p. Then

lk 2(l1l2, p) + lk 2(l2l3, p) = lk 2(l1l3, p).

3. Linking number

One knows what an oriented polygonal line is, so one knows what an oriented link is (Figure 3.1),
and what an oriented plane diagram is.
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Figure 3.1. Two trefoil knots with the opposite orientations

Figure 3.2. The sign of intersecting pair of segments

Let (
−→
AB,

−−→
CD) be an ordered pair of intersecting vectors (oriented segments) in the plane. Define

the sign of the pair to be +1 if ABC is oriented clockwise and to be −1 otherwise (Figure 3.2).
The linking number lk of a two-component oriented plane diagram is the sum of signs at all

those crossings at which the first component passes above the second component. Here at every
crossing the first (the second) vector is the oriented edge of the first (the second) component.

Problem 3.1. (a,b,c) For your choice of the order of the components and their orientations,
find the linking numbers of the plane diagrams in Figure 1.1, of the two-component subdiagrams
of Borromean rings in Figure 2.1.b, and of every pair of cycles of length 3 in Figure 4.1, right.
(d) For any integer n there is an oriented two-component plane diagram whose linking number

is n.
(e) For any triple of integers k, l,m there is an oriented three-component plane diagram whose

pairwise linking numbers are k, l,m.

Figure 3.3. Oriented crossing change

Assertion 3.2. For any oriented two-component plane diagrams D+ and D− (left and right in
Figure 3.3, respectively) which differ by the oriented crossing change of a crossing of different
components, we have lkD+ − lkD− = 1.

Assertion 3.3. (a) Reversing the orientation of either of the components negates the linking
number.
(b) Switching the components preserves the linking number.

For (b) the following lemma is useful.

Lemma 3.4. The linking number equals (n12 − n21)/2, where
• n12 is the sum of signs at all those crossings at which the first component passes above the

second component, and
• n21 is the sum of signs at all those crossings at which the second component passes above the

first component.
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In the proof (and below) you can use without proof the following Triviality lemma: for any
two generic closed oriented polygonal lines in the plane, the sum of the signs of their intersection
points is zero. For a discussion and a proof see §1.3 ‘Intersection number for polygonal lines in
the plane’ of [Sk18], [Sk].

Lemma 3.5. Let l1, l2, l3 be polygonal lines joining point A to point B, and disjoint with a closed
polygonal line p. Then

lk(l1l2, p) + lk(l2l3, p) = lk(l1l3, p).

4. Main results on sets of linking numbers

An embedding K → R
3 of a graph K in 3-space R

3 is a drawing without self-intersections
(Figure 4.1). We consider those embeddings of graphs for which edges are represented by polygonal
lines. A simple rigorous definition of such embeddings is given in Remark 8.4. But you do not
need it to solve the problems, because all results can be restated and proved in terms of plane
diagrams, see Remark 4.2.

K

5

K

3;3

1

2

3

4

5

6

Figure 4.1. Embeddings of graphs in 3-space R
3

Denote by
• [n] the set {1, 2, . . . , n};
• Kn the complete graph with the vertex set [n];
• Km,n the complete bipartite graph with parts [m] and [n]′ (we denote by A′ a copy of A).

Theorem 4.1 (Conway–Gordon–Sachs). For any embedding K6 → R
3 the sum of the linking

numbers over all unordered pairs of disjoint cycles of length 3 in K6 is odd.

This result is not part of this project, but serves only as motivation for Theorems 4.3, 4.7,
Assertion 4.4 and Conjecture 4.5.
Of this and the following sections, only Theorems 4.3, 4.7, 5.2, Assertion 4.4 and Problem 5.1

are intended for solving within this project. Some of them might be not so easy to solve without
hints given in later sections.

Remark 4.2 (restatement in terms of plane diagrams). The plane diagram of an embedding of
a graph in R

3 is defined analogously to the plane diagram of a link (using a notion of generic
graph drawing in the plane defined in §8). An (abstract) plane diagram of a graph is defined in
§8, analogously to an (abstract) plane diagram (defined in §1). Theorem 4.1 is restated as follows:
for any plane diagram of K6, the sum of the linking numbers over all unordered pairs of disjoint
triangles in K6 is odd. Analogously one restates all those results of this text that are stated in
terms of embeddings of graphs in 3-space.

Theorem 4.3. For any graph K there is an embedding K → R
3 such that the linking number of

any two disjoint cycles of length 3 is divisible by 3.

This is proved by R. Nikkuni in 2026. For motivation see the end of this section.
For graphs with less than 6 vertices Theorem 4.3, Assertion 4.4 and Conjecture 4.5 are not

substantive. In Theorem 4.3 (and presumably in Conjecture 4.9) mod 3 can be replaced by mod
m for any odd integer m. But not by mod 2 (because of Theorem 4.1).
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Assertion 4.4. The same as Theorem 4.3 with ‘is divisible by 3’ replaced by ‘is non-zero’.

Conjecture 4.5. For any graph K there is an embedding K → R
3 such that for any three pairwise

disjoint cycles of length 3, the greatest common divisor of their pairwise linking numbers is 1.

The analogue without ‘of length 3’ is wrong by Negami’s theorem [Ne91, PS05] (and by [FD05,
Theorem 3.1] which gives a specific constant for the corresponding particular case of [Ne91]).

Problem 4.6. For any integer k there is an embedding K6 → R
3 such that the linking number of

• one (unordered) pair of disjoint 3-cycles is 2k + 1, and
• any other pair of disjoint 3-cycles is zero.

This elementary result appeared in recent research [KS20, Proposition 1.2] [AT21, end of §2.2],
although it could have been known earlier.

Theorem 4.7. Consider any 10 integers n123,456, n124,356, . . ., corresponding to the 10 unordered
partitions of the set [6] into two 3-element subsets. If the sum of these integers is odd, then there
is an embedding K6 → R

3 such that the linking number of every pair {ijk, pqr} of disjoint 3-cycles
is nijk,pqr. Here we assume that i < j < k and p < q < r, and take the orientations (ijk) and
(pqr) on the cycles.

This is proved in [Mi]; this follows from Lemmas 6.4 and 6.5 below, cf. Theorem 6.1.

Problem 4.8 (open). For every n describe all ordered sets realizable as sets of linking numbers
of an embedding Kn → R

3.

General hints. Describe complicated constructions by simple modifications of simple construc-
tions! Most of the presented geometric problems are reduced to purely algebraic problems.

Hint to Theorem 4.3: use Figure 4.2 and Lemma 3.4.

Figure 4.2. Triplication of a crossing

A generalization of the Conway-Gordon-Sachs Theorem 4.1 to multiple linking.
This subsection is not a part of this project but serves only as motivation for Theorem 4.3.

Conjecture 4.9. Let K11 → R
3 be an embedding such that the linking number of any two disjoint

cycles of length 3 is divisible by 3. Then there is a ‘mod 3 Borromean’ triple of pairwise disjoint
cycles of length 3 in K11, i.e. a triple whose mod 3 triple linking number is non-zero.

Remark. For Borromean rings, see Figure 2.1.b and e.g. [Zi10, Sk24], [Sk, §4] together with
the references therein. The integer (Milnor) triple linking number is defined for an oriented 3-
component link whose pairwise linking numbers are zeros, see e.g. [MM01, §2, Theorem (3)],
[Sk24], [Sk, §4.9]. Analogously one defines the mod m triple linking number for an oriented 3-
component link whose pairwise linking numbers are divisible by m. Thus for Conjecture 4.9 to
be substantive, one needs Theorem 4.3. By Assertion 4.4 and Conjecture 4.5 one cannot omit the
‘mod 3 pairwise triviality’ assumption in Conjecture 4.9, even if in the conclusion one replaces
‘mod 3’ by ‘mod m for some m > 1’.
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For large enough n and any embedding Kn → R
3 there are three pairwise disjoint cycles (not

necessarily of length 3) in Kn whose images form (a link isotopic to) Borromean rings. This holds
by Negami’s theorem [Ne91, PS05]. However, the analogue of Conjecture 4.9 for Kn with large
enough n instead of K11, is not trivial.
For different but related problems on intrinsic n-linking see e.g. survey [Na20] and the references

therein.
A prospective proof and a counterexample for K10 instead of K11 is given in [AS].

Conjecture 4.10. Let K6r → R
3 be an embedding such that for every s = 2, . . . , r − 1 the s-fold

linking number of any s pairwise disjoint cycles of length 3 is divisible by r! + 1. Then there is
a ‘Brunnian mod (r! + 1)’ r-tuple of pairwise disjoint cycles of length 3 in K6r, i.e. an r-tuple
whose r-fold linking number mod (r! + 1) is non-zero.

Remark. (a) The conjecture is a linking version of the topological Tverberg conjecture, see e.g.
survey [Sk16]. So the conjecture could be non-trivial. We would not be surprised if the conjecture
is true for r being a prime power, and false otherwise. For a (dis)proof, configuration spaces might
be useful.
(b) For Conjecture 4.10 to make sense, one needs the following analogue of Theorem 4.3.
Conjecture. For every r ≥ 3 there is an embedding K6r → R

3 such that for every s = 2, . . . , r−1
the s-fold linking number of any s pairwise disjoint cycles of length 3 is divisible by r! + 1.
The above proof of Theorem 4.3 can be interpreted as making connected sum with the Hopf

link, for any pair of edges contributing to the linking number (as defined in §3). One can try to
prove the above conjecture for r = 3 by making connected sum with the Borromean link,for any
triple of edges contributing to the triple linking number. For this, one needs calculation of the
triple linking number via plane diagrams.

5. Main results on isotopy and homology of spatial graphs

By an isotopy of a link we mean its continuous deformation in 3-space as a set of thin elastic
strings; throughout the deformation, no self-intersections (of one string with itself or of different
strings) are allowed. See Figure 5.1 and the reduction to plane diagrams in §8.

Figure 5.1. Knots isotopic to the trefoil knot

Problem 5.1. Please prove these assertions at an intuitive level (because you do not have a
rigorous definition of an isotopy).
(a) All the knots (represented by their plane diagrams) in Figure 5.1 are isotopic to each other.
(b) The Whitehead link (Figure 2.1.w) is isotopic to the link from Figure 1.1.d.
(c) Two plane diagrams of a link are obtained by projections to different planes. Then these

diagrams are obtained by projections to one plane from some two (different but) isotopic links.

Hint to (a). ‘Probably the best way ... is to make a model of the trefoil knot by using a rope
or shoelace, and then move it around from one position to the other’ [Pr95, §2].

Theorem 5.2. (a) There are non-isotopic embeddings K5 → R
3 whose restrictions to any simple

cycle in K5 are isotopic.
(b) (chirality [Si86]) No embedding K5 → R

3 is isotopic to its mirror image.
(a’,b’) The same for K3,3 instead of K5.

The embeddings from (a,a’) are distinguished by the integer Wu–Simon number, and bipartite
Wu–Simon number, defined in §9. The same invariants are used to prove (b,b’).
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Remark 5.3 (embeddings modulo knots). Isotopy classification (readily calculable, see [Sk16c,
Remark 1.2]) of knots is so hard that it is unlikely to be obtained. If embeddings of a graph K
to 3-space are isotopic, then their restrictions to any simple cycle in K are isotopic. So isotopy
classification of embeddings of graphs in 3-space is unlikely to be obtained (although connected
sums with non-isotopic knots can potentially yield isotopic graphs). Therefore it is interesting
to define and classify ‘embeddings modulo knots’. There are several formalizations of this idea:
homology (defined in §10), link homotopy, almost isotopy, non-ambient isotopy ; see a survey [Sk’].

Theorem 5.4. Two embeddings of a graph (not necessarily connected) in 3-space are homologous if
and only if their restrictions to any subgraph homeomorphic to K5, K3,3 or K3⊔K3 are homologous.
Or, equivalently, if all the linking numbers, the Wu–Simon numbers, and the bipartite Wu–Simon
numbers (of the restrictions) are equal.

This theorem is not part of this project. See Remark 9.9.

Problem 5.5 (open; cf. Problem 4.8). (a) For every n find sets of integers realizable as sets of
linking numbers and Wu–Simon numbers of an embeddings Kn → R

3 (start with n = 6).
(b) Analogous question adding bipartite Wu–Simon numbers.

6. Realization of linking numbers: to the proof of Theorem 4.7

Let us reformulate Theorem 4.7. Denote by X the set of unordered partitions of [6] into two
3-element subsets. A linking function lf : X → Z of an embedding f : K6 → R

3 assigns to any
partition x = {{i, j, k}, {p, q, r}} ∈ X , where i < j < k and p < q < r, the linking number of
f(ijk) and f(pqr). (The set of all functions X → Z can be regarded as the set of all vectors with
integer coordinates, indexed by partitions from X .)

Theorem 6.1 (cf. Theorem 4.7). For any function ϕ : X → Z with an odd sum of the values
there is an embedding f with lf = ϕ.

Problem 6.2. (a) How does lf change under the transformation of an embedding f : K6 → R
3

shown in Figure 6.1?
(b) (riddle) Same question for an embedding f : Kn → R

3.

Having solved Problem 6.2.b, you can prove Assertion 4.4.

i

j

p

q

i

j

p

q

Figure 6.1. Finger move of one edge across the other

An interesting pair is an ordered pair (ij, pq) of disjoint oriented edges of K6 such that i < j
and p < q. Take an interesting pair (ij, pq). Take a, b ∈ [6] such that {i, j, p, q, a, b} = [6]. Define
a function vij,pq : X → Z by1

vij,pq({i, j, a}, {p, q, b}) := sgn(a− i) sgn(a− j) sgn(b− p) sgn(b− q) ∈ {+1,−1},

1Although the formulas use a choice of a and b from {a, b}, they are independent of the choice.
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vij,pq({i, j, b}, {p, q, a}) := sgn(b− i) sgn(b− j) sgn(a− p) sgn(a− q) ∈ {+1,−1},

and vij,pq(x) := 0 for every other x ∈ X .
E.g. v15,23({2, 3, 5}, {1, 4, 6}) = 0 and

v15,23({2, 3, 6}, {1, 4, 5}) = v15,23({1, 5, 4}, {2, 3, 6}) = 1 · (−1) · 1 · 1 = −1.

Problem 6.3. How does the function vij,pq depends on switching the edges ij, pq?

Lemma 6.4. For any embedding f : K6 → R
3 and interesting pair (ij, pq) there are embeddings

f+, f− : K6 → R
3 such that lf± − lf = ±vij,pq.

A function v : X → Z is said to be realizable if v is equal to some integer linear combination of
functions vij,pq, over interesting pairs (ij, pq).

Lemma 6.5 ([Mi]). Any function X → Z with an even sum of values is realizable.

The lemma follows from Assertions 6.6.ab.
For any x ∈ X define the indicator function

χx : X → Z by χx(y) =

{
1 if x = y

0 otherwise
.

Assertion 6.6. (a) For any two partitions from X , either the sum or the difference of their
indicator functions is realizable.
(b) Twice the indicator function of any partition from X is realizable.

Remark. Here is a different more conceptual definition (not used in this project). An interest-
ing pair is an ordered pair of disjoint oriented edges of K6. Take an interesting pair (ij, pq). Take
a, b ∈ [6] such that {i, j, p, q, a, b} = [6]. Define a function vij,pq : X → Z by

vij,pq({i, j, a}, {p, q, b}) := sgn(i, j, a) sgn(p, q, b), vij,pq({i, j, b}, {p, q, a}) := sgn(i, j, b) sgn(p, q, a),

and vij,pq(x) := 0 for every other x ∈ X . Here the sign of a vector of 3 integers is

sgn(k, l,m) := sgn(k − l) sgn(l −m) sgn(m− k) ∈ {+1,−1}.

This is the sign of a permutation arranging k, l,m in increasing order.
E.g. v15,23({2, 3, 5}, {1, 4, 6}) = 0 and

v15,23({2, 3, 6}, {1, 4, 5}) = v15,23({1, 4, 5}, {2, 3, 6}) = sgn(1, 5, 4) sgn(2, 3, 6) = (−1) · 1 = −1.

7. Some answers, hints and solutions to §1-§6

1.1. See Figure 7.1. On the upper edge of every crossing of the plane diagram choose two
points, close to the intersection, and lying on the opposite sides of the crossing. Replace the line
segment between the two chosen points by a ‘bridge’ rising above the plane diagram, which joins
these two points. Replace all crossings by the corresponding bridges. We obtain a knot whose
projection is the union of segments of given plane diagram.

Figure 7.1. The bridge over a crossing

2.1. Answers: (a) 1 for the Hopf link and 0 for other links; (b) 0;
(c) 1 for the pair of cycles (123) and (456); 0 for other pairs.
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2.3. Take a plane diagram of a link. By the Parity lemma (stated after Assertion 2.3) the
number of crossings where the first component passes above the second one has the same parity as
the number of crossings where the second component passes above the first one. This completes
the proof.

3.1. Answers: (a) 1; 0; 2; 0; (b) 0.
(c) +1 for the pair of cycles (123) and (456); 0 for other pairs.

3.3. (a) Reversing the orientation of either of the components negates the sign of every crossing.
(b) Switching the components negates the sign of every crossing. Thus (b) follows by Lemma 3.4.

3.4. This follows because by the Triviality lemma (stated after the Lemma) n12 + n21 = 0.

4.3. We follow a text by R. Nikkuni, with his kind permission.
Replace each crossing by three crossings as shown in Figure 4.2. Take any two disjoint oriented

3-cycles in the graph. Then the sign of each crossing of these cycles is defined both in the original
diagram and in the new one. For each crossing of the original diagram, the edge that passed over,
after the replacement, passes over in two of the new crossings, and under in the remaining new
crossing. The signs of the two new crossings coincide with the sign of the original crossing. The
sign of the remaining new crossing is the opposite to the sign of the original crossing. For the
original diagram, we use the notation n12 and n21 from Lemma 3.4, while for the new diagram we
define n′

12 and n′
21 analogously. For each original crossing that contributes ±1 to the sum n12−n21,

the corresponding three new crossings contribute ±(1 − (−1) + 1) = ±3 to the sum n′
12 − n′

21.
Then, for any two disjoint cycles, the sum n′

12 − n′
21 is divisible by 3. Hence, by Lemma 3.4, the

obtained planar diagram is as required.

4.4. Hint. Choose a pair of cycles with zero linking number. Modify the planar diagram so that
the linking number for this pair of cycles becomes nonzero, and no new pairs with zero linking
numbers appear. For this, apply Lemma 6.4 repeatedly. In the process, the linking numbers of
the required pair and of some other pairs of cycles will change by ±N for an arbitrary preassigned
integer N .

4.6. This follows from Lemma 6.4, Assertion 6.6.a, and the result of Problem 3.1.c.

Figure 7.2. Isotopy the trefoil knot

5.1. (a) Figure 7.2 (prepared by D. Kroo) gives some hints concerning transformations of the
trefoil knot.

6.2. (a) See Lemma 6.4.

6.3. The function does not change.

6.4. We present a simplified exposition of the proof from [KS20].
We give a solution for the embedding f−. Informally, we obtain f− by turning the edge f(ij)

by a −1 twist around the edge f(pq), as in Figure 6.1. We now give a rigorous construction.
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On the edge ij, choose nearby points I and J with no crossings between them, so that the
orientation of the segment IJ coincides with that of the edge ij. On the edge pq, similarly choose
points P and Q so that the orientation of the segment PQ coincides with that of the edge pq.
Using a finger move, replace the segment IJ of the original diagram (i.e. the diagram of the
embedding f) by a non-self-intersecting oriented polygonal line l1 in general position, so that l1
passes through the points P and Q, as shown in Figure 6.1. In particular, at the crossing P the
polygonal line l1 passes over, while at the crossing Q and at all other crossings it passes under.
In the original diagram take any two disjoint cycles x and y of length 3. Denote by x− and y−

the corresponding cycles in the obtained diagram (i.e. the diagram of the embedding f−). Denote
by x the partition of the vertex set of the graph K6 into two 3-element subsets, one of which
consists of the vertices of the cycle x. In what follows, after introducing orientations on the cycles
x and y, we shall take the consistent orientations on x− and y−.
If the edge ij is contained in neither of the cycles x and y, then for any orientation on these

cycles we have

lk(x−, y−) = lk(x, y).

Hence lf−(x)− lf(x) = 0.
If the edge ij belongs to one of the cycles x and y, then without loss of generality it belongs to

x. Orient the cycle x in the same direction as the edge ij. Regard x as the first cycle. Denote by
l2 the oriented polygonal line which is the complement of the oriented segment IJ in the cycle x.
Now, if the cycle y does not contain the edge pq, then for any choice of orientation on it, by

Lemma 3.5 we obtain

lk(x−, y−) = lk(l1l2, y) = lk(l1JI, y) + lk(IJl2, y) = 0 + lk(x, y).

Hence lf−(x)− lf(x) = 0.
If the cycle y does contain the edge pq, then denote the vertices of the cycles x and y so that

x = ija, y = pqb. Orient the cycle y in the same direction as the edge pq. Then the sign of the
crossing at P is −1. So by Lemma 3.5 we obtain

lk(x−, y−) = lk(l1l2, y) = lk(l1JI, y) + lk(IJl2, y) = −1 + lk(x, y).

Hence lf−(x)− lf(x) = − sgn(a− i) sgn(a− j) sgn(b− p) sgn(b− q).
From all the above, the formula lf− − lf = −vij,pq follows.
The construction of the embedding f+ is obtained from the above construction by changing the

crossings at the points P and Q (overcrossing is changed to undercrossing and vice versa).

6.6. We follow [Mi].
(a) For any different partitions x, y ∈ X there are α ∈ x, β ∈ y such that |α ∩ β| = 2.

Then there is an interesting pair (ij, pq) such that {i, j} = α ∩ β and {p, q} = α ∩ β. Hence

vij,pq(z) =

{
±1 if z = x or z = y

0 otherwise
. So ±vij,pq = χx ± χy.

(b) Take any partition x ∈ X , and denote s := {{1, 2, 3}, {4, 5, 6}} ∈ X . By (a), χx ± χs is
realizable, so 2χx± 2χs is realizable. Then 2χs = v12,45+ v16,34+ v23,56, so 2χs is realizable. Hence
(2χx ± 2χs)∓ 2χs = 2χx is also realizable.
(Alternatively, for any permutation σ of [6] we have ±2χσ(s) = vσ(12,45) + vσ(16,34) + vσ(23,56),

where we extend the definition of vij,kl by the Remark after Assertion 6.6.)

8. Isotopy via plane diagrams

Instead of links up to isotopy, in this text we study plane diagrams up to equivalence generated
by Reidemeister moves (Figure 8.1) and plane isotopy. By a plane isotopy of a plane diagram
we mean its continuous deformation in the plane, without introducing self-intersections. This is
motivated by the following theorem (which is not part of this project).
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Figure 8.1. Reidemeister moves

Theorem 8.1 (Reidemeister; [PS96, §1.7]). Two links are isotopic if and only if some plane
diagram of the first link can be obtained from some plane diagram of the second one by Reidemeister
moves and plane isotopy.

Problem 8.2. For the first pair of knots in Figure 5.1 decompose your isotopy between them
into Reidemeister moves shown in Figure 8.1 and plane isotopy.

Lemma 8.3. (a) The linking number modulo 2
(b) The linking number
is preserved under Reidemeister moves.

This lemma is easily proved separately for each Reidemeister move. For (b), check that the
signs of all crossings do not change.
See more e.g. in [Sk20u, §§1-3].
For an analogue of Theorem 8.1 for graphs we need the following definitions.
Let K be a graph with V vertices. A (piecewise-linear, PL) graph drawing f of K in R

d,
d = 2, 3 is
• a set of V points in R

d corresponding to the vertices, together with
• a set of (non-closed) polygonal lines in R

d corresponding to the edges; each polygonal line
joins a pair from the set of points, which pair corresponds to an edge.
The point corresponding to a vertex v is called the image f(v) of a vertex v under f . The

polygonal line corresponding to the edge σ (more precisely, the union of its segments), is called
the image f(σ) of the edge σ under the mapping f . The image of a set of edges is the union of
the images of all edges in the set.

Remark 8.4 (rigorous definition of an embedding). An embedding2 of K in R
d, d = 2, 3 is a

graph drawing of K in R
d such that

• the images of vertices are pairwise distinct,
• the images of edges are non-self-intersecting polygonal lines, and
• none of the images of edges intersects the interior of any other image.3

One can prove that for any graph K there is an embedding of K in R
3.

A graph drawing in the plane is said to be generic if it satisfies the conditions (ii), (iii) from §1,
and the condition
(i’) the images of vertices are pairwise distinct, and any internal vertex of the image any edge

is different from any other vertex (from the same or another edge).
Common interior points as in the condition (ii) are called crossings.
An (abstract) plane diagram of a graph K consists of
• a generic graph drawing of K in the plane,
• at every crossing, an indication which segment ‘passes under’ and which ‘passes over’ (Fig-

ure 4.1).4

2Standard definitions of an ‘embedding’ uses the notion of a map not of the notion of a graph drawing.
3Then, the images of any two edges either do not intersect, or intersect only at their common endpoint.
4Rigorously speaking, the indication is a map Φ : {(x, y) ∈ K ×K : x 6= y, fx = fy} → {+1,−1} such that

Φ(x, y) = −Φ(y, x), where f : K → R
2 is a map corresponding to the graph drawing.
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Figure 8.2. Reidemeister moves for plane diagrams of graphs

Analogously to Theorem 8.1, two embeddings of a graph in R
3 are isotopic if and only if some

plane diagram of the first embedding (see Remark 4.2) can be obtained from some plane diagram
of the second one by Reidemeister moves for plane diagrams of graphs (Figure 8.2) and plane
isotopy.

9. Wu–Simon number

Before studying this section please read [Sk, §§1.3, 1.4] and proof of [Sk, Lemma 1.4.3 and
Remark 1.4.4b]. This would help you invent the Wu–Simon number defined below, or understand
its definition (although the definition is formally independent of [Sk, §§1.3, 1.4]). See the definition
of a plane diagram of a graph at the end of §8.
For a plane diagram D of a graph K, we usually identify an edge e of K with its image under

the generic graph drawing that is a part of D.
Let D be a plane diagram of K5. Consider the orientations on segments of D induced by

oriented cycles 12345 and 14253 in K5. At every crossing, consider the intersection sign, where
the first vector passes above the second vector. Color a crossing of non-adjacent edges e1, e2 of K5

in blue, if both e1, e2 belong to the cycle 14253, and in red, otherwise. The Wu–Simon number
wuD is defined [Ta94, §4] to be the difference of the sum of signs at all the red crossings, and the
sum of signs at all the blue crossings.
By the van Kampen–Flores theorem for the plane [Sk18, Lemma 1.4.3], any plane diagram of K5

has an odd number of crossings of non-adjacent edges, so the Wu–Simon number is odd.

Problem 9.1. (a) Find the Wu–Simon number of the plane diagram from Figure 4.1 (left), for
your choice of numeration of vertices.
(b) For any odd n there is a plane diagram of K5 whose Wu–Simon number is n.
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Assertion 9.2. For any plane diagrams D+ and D− of K5 (left and right in Figure 3.3, respec-
tively) which differ by the oriented crossing change of a crossing of non-adjacent edges, we have
wuD+ − wuD− = ±2.

Assertion 9.3. * Let D,Dσ be plane diagrams of K5 such that Dσ is obtained from D by a
renumeration σ : [5] → [5] of the vertices of K5. Then wuDσ = sgn σ · wuD.

Hint. It suffices to prove the statement for the particular case when σ is a transposition.

Lemma 9.4. The Wu–Simon number (of a plane diagram of K5) is preserved under Reidemeister
moves for plane diagrams of graphs (Figure 8.2).

Let D be a plane diagram of K3,3. Consider the orientations on segments of D induced by
the orientations ij′, i, j ∈ [3], on edges of K3,3. At every crossing, consider the intersection sign,
where the first vector passes above the second vector. Color a crossing of non-adjacent edges e1, e2
of K3,3 in blue, if either
• e1 = ij′ and e2 = ji′ for some distinct i, j ∈ [3], or
• exactly one edge of e1, e2 belongs to {11′, 22′, 33′}.
Color a crossing of non-adjacent edges e1, e2 of K3,3 in red, otherwise.
The bipartite Wu–Simon number wuD is defined [Ta94, §4] to be the difference of the sum

of signs at all the red crossings, and the sum of signs at all the blue crossings.
By a version for K3,3 of the van Kampen–Flores theorem for the plane [Sk18, Remark 1.4.4.a],

any plane diagram of K3,3 has an odd number of crossings of non-adjacent edges, so the bipartite
Wu–Simon number is odd.

Problem 9.5. (a) Find the bipartite Wu–Simon number of the plane diagram from Figure 4.1
(middle), for your choice of numeration of vertices.
(b) For any odd n there is a plane diagram of K3,3 whose bipartite Wu–Simon number is n.

Assertion 9.6. The same as Assertion 9.2 replacing ‘K5’ by ‘K3,3’.

Assertion 9.7. * Let D, Dσ be plane diagrams of K3,3 such that Dσ is obtained from D by a
correct renumeration σ : [3] ∪ [3]′ → [3] ∪ [3]′ of the vertices of K3,3 (here ‘correct’ means that σ
is induced by an automorphism of the graph K3,3). Then wuDσ = ±wuD.

Lemma 9.8. The bipartite Wu–Simon number (of a plane diagram of K3,3) is preserved under
Reidemeister moves for plane diagrams of graphs (Figure 8.2).

N

N

Figure 9.1. The deleted product

Remark 9.9 (configuration spaces approach). In the 1950s Wu defined an invariant of higher-
dimensional embeddings (of k-dimensional complexes to R

2k+1). Let K be a graph. The deleted
product of K is the product of K with itself, minus the diagonal (Figure 9.1): {(x, y) ∈ K ×K :
x 6= y}. This is the configuration space of ordered pairs of distinct points in K. The simplicial
deleted product of K is

K̃ := ∪{σ × τ : σ, τ are simplices of K, σ ∩ τ = ∅}.
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Let f : K → R
3 be an embedding. The Wu invariant

wu(f) ∈ H2
ss(K̃;Z)

assumes values in the group of cohomology classes of skew-symmetric 2-dimensional cocycles, see
[Ta95, definition of L(f) in §1].
Classical algebraic topology suggests the following standard way to obtain numerical invariants

from a cohomological invariant. Fix orientations on edges of K. A 2-dimensional chain in K̃ is
an integer-valued function from the set of ordered pairs of disjoint edges of K. A 2-dimensional

cycle C in K̃ is 2-dimensional chain whose (homological) boundary is zero. Examples of skew-
symmetric 2-dimensional cycles are

(∗) K3 ×K ′
3 +K ′

3 ×K3, K̃5 and K̃3,3

(for certain orientations on the edges of the graphs K3 ⊔ K ′
3, K5 and K3,3, respectively). Cf.

[ADN+, MNS]. Denote by Hss
2 (K̃;Z) the group of all skew-symmetric 2-dimensional cycle in K̃.

Define the scalar product5

· : H2
ss(K̃;Z)×Hss

2 (K̃;Z) → Z by [A] · C :=
∑

{e1,e2}

A(e1, e2)C(e1, e2),

where A is a cocycle, [A] its cohomology class, and the summation is taken over all unordered
pairs of disjoint edges of K; for such an unordered pair the integers A(e1, e2) and C(e1, e2) are not
well-defined, but their product is well-defined. Thus for a fixed C one defines an integer-valued
invariant wuC(f) ∈ Z by wuC(f) := wu(f) · C.
For cycles Z in (∗) the invariants wuZ(f) are twice the linking number, the Wu-Simon number

and the bipartite Wu-Simon number, respectively (the last two were independently discovered in
[Si86]). The invariants wuC(f) are called reduced Wu invariants or generalized Simon invariants
[FFN, Definition 2.6]
The scalar product · is clearly bilinear (this is essentially recovered in different terminology in

[FFN, Theorem 4.1]). The scalar product · is non-degenerate (this holds by [Ta95, Theorem 4.9]).

I.e. for any homomorphism ϕ : H2
ss(K̃;Z) → Z there is C ∈ Hss

2 (K̃;Z) such that ϕ(α) = α ·C for

any α ∈ H2
ss(K̃;Z).

Examples (∗) of cycles Z are rational generators in Hss
2 (K̃;Z) [Ni00].

Thus corresponding invariants wuZ(f) are rational generators of all invariants wuC(f) (this is
essentially recovered in different terminology in [FFN, Theorem 4.4]).
The paper [FFN] used the reduced Wu invariants to obtain interesting chirality and intrinsic

chirality results. The paper [FFN] also contains some explicit calculations of the invariants.
Theorem 5.4 holds [ST03] by the non-degeneracy of ·, the result of [Ni00] quoted above, and

the following result [Ta95, Main Theorem in §1]: two embeddings of a graph in R
3 are homologous

if and only if their Wu invariants are equal.

Some answers, hints and solutions.

9.1. (a) Answer: ±5; (b) As an example one can take the diagram from Figure 9.2, left.

9.4. We give a proof only for the second Reidemeister move. If the edges involved in this
move are the same edge or are two adjacent edges, then the crossings involved do not affect the
Wu–Simon number. If these edges are non-adjacent, then the crossings have the same colour but
opposite signs, so their sum is zero, hence the Wu–Simon number does not change.

5This corresponds to ⌢-product of the cohomology and homology groups of the quotient K̃ with twisted coeffi-

cients. Another name is the value of [A] at C. Cf. [Sk18, Remark 1.5.5c].
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Figure 9.2. Some plane diagrams of K5 and of K3,3

9.5. (a) Answer: ±3; (b) As an example one can take the diagram from Figure 9.2, right.

9.7. Hint. This follows from the following two particular cases.
• If σ(i) = i′ and σ(i′) = i for any i = 1, 2, 3, then wuDσ = wuD.
• If σ is the transposition of some two vertices from one part of K3,3, then wuDσ = −wuD.

10. Homology

An extended diagram of an embedding K → R
3 is the union of a diagram of the embedding,

and some oriented closed curves, every curve labelled by an edge of K (different curves can be
labelled by the same edge; the diagram and the union of the curves need not be contained in
disjoint disks).

Figure 10.1. Homology Reidemeister moves

Two embeddings f, g : K → R
3 are homologous if some diagram of f can be obtained

from some diagram of g by (isotopy) Reidemeister moves (Figure 8.2) and homology Reidemeister
moves (Figure 10.1) of extended diagrams (disappearance or appearance of an additional circle
component labelled by any edge of K, and saddle move).
(Alternatively, in the definition of a concordance, one is allowed to change open 2-disks in K×I

by connected sum with tori.)

Problem 10.1. (a) Any knot is homologous to the unknot (trivial knot).
(b) The Borromean rings link is homologous to the trivial link.
(c) Any two embeddings K4 → R

3 are homologous.

Problem 10.2. (a) There are non-homologous embeddings K3 ⊔ K3 → R
3. (As an example

one can take the standard and the Hopf links, Figure 1.1.)
(b) Two embeddings K3⊔K3 → R

3 are homologous if and only if their linking numbers (defined
in §3) are equal.

Problem 10.3. (a) There are non-homologous embeddings K5 → R
3.

(b) Two embeddings K5 → R
3 are homologous if and only if their Wu–Simon numbers (defined

in §9) are equal.
(a’,b’) Prove the analogues of (a,b) for K3,3 and bipartite Wu–Simon number (defined in §9).
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