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Abstract

In this project we will introduce you to some exponential Diophantine equations and
methods for solving them. It consists of several sections, and we recommend solving the
problems in the order in which they are presented.

In Section 1 we investigate exponential Diophantine equations of the form a® — b¥ = c.

Section 2 is devoted to finding pairs of consecutive numbers all of whose prime divisors
lie in a given set. We will show that there are finitely many such pairs, and all of them can
be obtained from solutions of finitely many Pell’s equations.

In Section 3 several classical and olympiad problems are presented that reduce to the
generalized Pell’s equation and are solved by studying prime divisors of one of the compo-
nents of its solutions.

With the help of Section 4 you will learn how to solve some equations in factorial rings,
and the problems of Section 6 will help you prove factoriality of rings of a certain type.

Finally, Section 5 contains several classical Lebesgue-Nagell equations, which you can
solve by applying the methods described in the project.
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1 On the equation a® — bY = ¢

This section is devoted to the:
Theorem. For any positive integers a,b > 2 and c the next equation

a*—=b =c (%)

has no more than two solutions in positive integers.

The proof of this difficult theorem is beyond the scope of this project. Instead, we will
search and count all solutions to the equation (x) for specific values of positive integers
a,b,c with a,b > 2.

Further, we assume that all equations below are solved in positive integers z, y.

Problem 1.1. Solve the equations (a) 2* —3Y =1; (b) 3" —2Y = 1.

Solution. (a) From 3V # —1 (mod 8) it follows that x < 2. It is left to check x = 1,2.
Answer: (2,1).

(b) If y > 3 then 3¥ =1 (mod 8). This congruence is true iff y is divisible by 2. Let y = 2t
then (3'—1)(3'+1) = 2¥ and 3'—1, 3'+1 are both powers of 2. It is possible iff t = 1,y = 3.
Answer: (1,1),(2,3). |

Sometimes, modular arithmetic gives us a lot of information about the structure of the
solutions to the equation (x). An example of how it helps is given below:

Problem 1.2. Suppose 2¥ — 3Y = ¢ with positive integers ¢, x,y. Prove that
(a) if x > 3, then ¢ = 5,7 (mod 8);
(b) if ¢ = 2% 4+ 3! for some k > 3,1 > 1 then there are no solutions.

Solution. Consider modulo 8. [ |

Problem 1.3. Find all positive integers ¢ < 100 such that the equation 2* — 3Y = ¢ has two
solutions.

Solution. Step 1: narrowing down c. If 2 | ¢ or 3 | ¢, then 2¥ — 3Y = ¢ is impossible. For
x = 1 the equation gives 3V < 0, while for x = 2 we obtain only ¢ € {1} (when y = 1).
Hence, for two solutions it is necessary that x > 3, whence by Problem 1.2a

c=5or7 (mod 8).

Step 2: small z. A direct check for 3 < x < 9 (that is, 2* < 512) among numbers
¢ < 100 satisfying the conditions of Step 1 shows that only ¢ = 5 and ¢ = 13 have two
solutions.

Step 3: excluding large x. We show that for x > 10 there are no new solutions for any
of the remaining c. We work modulo 2! = 1024 and 257 (a prime; the order of 2 modulo
257 is 16, and the order of 3 is 256).



For each ¢ we solve the congruence 3V = —c¢ (mod 1024): since the order of 3 modulo
1024 is 256, we obtain a finite set of admissible residues y (mod 256). For each such y the
value 3Y 4+ ¢ (mod 257) is fixed (the order of 3 mod 257 is also 256).

[t remains to check that none of the obtained values 3Y + ¢ (mod 257) coincides with
any of the 16 residues {2* mod 257}. This is a finite check, which for all admissible ¢ < 100
gives a negative answer.

Therefore, for x > 10 the equation 2* — 3Y = ¢ has no solutions, and the answer is
exhausted by ¢ € {5,13}.

Answer: ¢ =5,13. |

Consider some particular cases of the equation (x).

Problem 1.4. Suppose that positive integers a, b, ¢ are not pairwise coprime. Prove that the
equation (*) has a finite number of solutions.

Solution. If any two numbers share a common prime divisor p, it follows from the equation
that all three numbers are divisible by p. If ,y > m = v,(c) then the left side of the
equation is divisible by p”*!, while the right side is not. Hence one of the variables z,y is
bounded from above which implies that the second variable is bounded as well. |

Problem 1.5. Suppose every prime dividing a also divides b. Prove that the equation (x)
has at most one solution.

Solution. Suppose there exist two solutions (z1,y;) and (x2,ys) such that x; < x9, which
consequently implies 31 < y,. Then

a®1 (a$2—$1 _ 1) — byl(by2—yl _ 1).
Since any prime divisor p of a also divides b, we have v,(a®™) = v,(b¥*). Thus, o™ divides
b¥t and so ¢ = a™ — b < 0, but ¢ > 0. Contradiction. [
Further, we assume that a, b, ¢ are pairwise coprime. First, we pay more attention to the

equation (k) with ¢ = 1.

Problem 1.6. Prove that for any integer b > 1 the equation 2* — bY = 1 has no solutions
with y > 1.

Solution. Suppose y is even. Since b is odd, we have ¥ + 1 = 2 (mod 4). This implies
27 =2 (mod 4), from which it follows that x = 1, yielding no solutions.
Suppose y is odd. Then

20 =W+ 1=+ -+ .. —b+1),
which implies that V="' — V=2 + ... — b+ 1 = 2* for some integer k. However, the number
bWl — b2+ ... —b+1is odd, being a sum of an odd number of odd terms. Therefore,

b+1=2"and y = 1. |



Definition. The order of z modulo M, denoted by ord, (M), is the smallest positive integer
h such that 2" =1 (mod M), provided that z and M are coprime.

Thanks to Euler’s theorem, the number ord, (M) is well-defined for coprime z, M and
divides @(M). Also, it is easy to see that if (z,y) is a solution to the equation (%) with
¢ =1, then x = ord,(bY).

Problem 1.7. Let b = p be an odd prime.
(a) Prove that there is an integer v such that

ord,(p"), ifn<wv
p-ord,(p"), ifn>w.

Orda(pn+l) — {

(b) Prove that the equation a® — p¥ = 1 has no more than one solution.

Solution. (a) Let v > 0 be the maximal power of the prime p that divides the number
a®%() — 1 Then ord,(p) = ... = ord,(p®) by definition. It remains to prove the equality
ord, (p"*1) = p - ord,(p") for all n > v. Let us fix an arbitrary n.We shall show that the
number a? (") — 1 is divisible by p"*!, but is not divisible by p"*2. Indeed,

b
p-orde (p™) 1 = ( ord,,,(p")>p —1=(1 na\P — 1 (2 P\ inn — ntl .
a a (1+p"q) 21: )Pt =

kn n

Equality (1) holds by the Binomial Theorem. Since all terms of the form (Z)p q" are
divisible by p"™2 for k > 1, we have Q = ¢ # 0 (mod p) by the definition of ord,(p") and
since all terms of the form (Z) p*g™ are divisible by p"*? for k > 1. It remains to prove
that for no m in the range ord,(p") < m < p-ord,(p") is the number @™ — 1 divisible by
p" L. Suppose such an m exists. Then p - ord,(p") is divisible by m, and m is divisible by
ord,(p™). However, since p is prime, this is impossible.
(b) Suppose there exist two solutions (ord,(p"™),n) and (ord,(p"™™),n + m), where
m > 0.Then by part a), we have ord,(p"™™) = p™ ord,(p").Thus,
aorda(p”+m) 1= (aorda(p"))

m

p m
—1=(1+p")" —1=p""+Q>p"™,

where () represents the remaining non-zero terms from the expansion of the Binomial
Theorem. |

Problem 1.8. Prove that the equation a® — Y = 1 has no more than one solution except
the case a = 3,0 = 2.

Solution. Suppose that there are two distinct solutions. Write them so that x < s:
a® —1=1"b, a®—1=5p""

for some n > 0. Then
a®—1=(a"—1)0",



that is, a* — 1 | a®— 1. Let us show that this implies x | s. Let s = g+, where 0 < r < x.
Then

a’—1=(a")a" —1=(a"—1)((a") "+ (a") >+ +1)+ (a" — 1).

Since a® — 1 divides the left-hand side and the first summand, it also divides a" — 1. But
0<a"—1<a”—1, hence a" — 1 =0, that is, r = 0. Therefore, s = kx for some integer
k> 1.

Let p be an odd prime divisor of b. Since a* — 1 = bY, we have p | a® — 1. By LTE,

v (a™ — 1) = vy(a® — 1) + v,(k) = v,(0Y) + v, (k).
On the other hand, a®* —1=a* — 1 = Y™, so
up(a™ = 1) = v, (") =, (b) + v, (B").

Hence, v,(k) = v,(b") for every odd p | b. Denote by by the odd part of b. Then

by | k.
Case 1: b has an odd prime divisor. Then by > 3. From a* = 1 + bY we obtain
W =g — 1 = (1+09)" — 1> bk > p¥'6,
For by > 3 and n > 1, we have bj > n + 1. Therefore,

pytn > bybg = by(n%—l).

Comparing exponents, we get y +n > y(n + 1), that is, n(y — 1) < 0. Contradiction.
Consequently, if by > 1, there cannot be two solutions.
Case 2: b = 2° where e > 1. Then a is odd and

at —1=2%. (1)

If x =1, then a = 2% + 1; for fixed a and b = 2° this gives at most one solution.
Now let x > 1. We factor

a* —1=(a—1D(a" ' +a" 2+ +1)=2%

Both factors are positive and their product is a power of two, so each of them is a power
of two. The sum S = a® ! 4 --- 4+ 1 has the same parity as z, since a is odd. Since S > 1
and S is a power of two, S is even, and hence x is even.
Let x = 2t. Then
a? —1=(a' —1)(a" +1) =2%.

The numbers a’ — 1 and a’ + 1 are two consecutive even powers of two. The only such pair
is 2 and 4: if 2" and 2° (s > r) differ by 2, then 2"(2°°" —1) =2, sor=1and s —r = 1.
Therefore,



that is, a’ = 3. Hence t = 1, a = 3, x = 2, and from (1) we obtain
32 —-1=8=2%,

so ey = 3.

Thus the only possible solution with x > 1 has the form a = 3, x = 2, ey = 3. For
b = 2¢ this gives e = 1 or e = 3. For e = 3 there is only this solution (y = 1). For e = 1
we obtain b = 2, a = 3, and besides the solution x = 2, y = 3, there is also the solution
r =1,y =1, since 3! — 2" = 1. This is the exceptional case.

Thus, for all a, b the equation a® — bY = 1 has at most one solution, except for the pair
a = 3, b =2, for which there are two solutions:

3l—ot=1,  3F-28=1.

For arbitrary a,b,c > 1, we do not know if there exists an elementary algorithm that
finds all the solutions of the corresponding equation (x). Nevertheless, the following two
ideas can help you prove that this equation has no solutions for sufficiently large x and y:

(1) For any x¢, yo and any solution (z,y) of (%) with x > xy and y > yo, the remainders of
numbers x and y modulo ord,(b%) and ordy(a™) are respectively fixed.

(2) If there exists a magic prime P such that the sets of residues modulo P of the
sequences {a,} and {b,,} are disjoint, then a,, # b, for all n and m.

It may be hard to find such a magic prime even if it exists. We suggest searching for it
among primes of the form dn + 1, where d equals ord,(b*) or ord,(a™).
To give an example of how these ideas work we find all solutions to the equation

2Y —11Y = 5.
1. It’s easy to find a solution (x,y) = (4,1). Next, we prove there is no solution with
T = D.
2. We calculate ord;;(2°) = 8. Solving a congruence 11Y = —5 (mod 2°), we get another

one y =5 (mod 8).

3. Then we test magic primes of the form 8n+1. We start with P = 17. Let a;, = 11°78 45
and b, = 2. After calculations, we get that numbers a; give residues —2, —5 while
numbers b, give residues 1,42, +£4, +8 modulo 17. That means a; = b,, = —2
(mod 17) — no contradiction in this case.

4. Next, we may test either another degree of 2 or 11, or we may choose another magic
prime. We check that there is no solution with # = 5 and continue with 2°, the next
degree of 2, as we take the same steps as before.



5. Solving a congruence 11¥ = —5 (mod 2°), we get another one y = 13 (mod 16). We
test primes of the form 16n + 1 and we choose P = 17 again. Let a; = 11'3+16F 1 5
and b, = 2™. We see that

ar = —5 (mod 17)

but
by, = £1, 42,44, 48 (mod 17),

so aj # by,. It follows that P = 17 — is a magic prime, and the equation 2* —11Y =5
has no solutions with the restriction x > 6.

Below, we suggest solving the equations for which the ideas provided above do work.

Problem 1.9. Solve the equation 10* — 7Y = 3.
Solution. Considering the equation modulo 2% = 8, we get z < 3. Answer: (1,1). |
Problem 1.10. Solve the equation 2* — 5Y = 3.

Solution. By checking small solutions in natural numbers, we find that (3,1) and (7,3)
are solutions to this equation. To prove that no other solutions exist, we assume that
there exists a solution (x,y) satisfying the condition = > 8. Consider the equation modulo
28 = 256. For x > 8, the congruence 2° = 0 (mod 256) holds. The original equation
becomes 5Y + 3 = 0 (mod 256) = 5Y = 253 (mod 256). Solving this congruence, we
obtain y = 35 (mod 64). Let us check the remainders of the number 5Y + 3 upon division
by the magic prime 257 = 4 - 64 4+ 1. We find that

5 +3 =17, 36, 227, or246 (mod 257),

but none of these remainders lie in the set {2* (mod 257) | k € N*}, a contradiction.

Therefore, the assumption x > 8 is false. By enumerating the values x € {1,2,...,7}, we
can verify the absence of other solutions.
Answer: (3,1),(7,3). |

Problem 1.11. Solve the equation 3* — 7Y = 2.

Solution. If y = 1 then & = 2. Suppose there is a solution with y > 2, then x > 4, and
3 —9=T"—-T Leta=x—22>22, 0=y —1>1, then rewrite equation as

9(3°—1)=7(7"-1).

Since 7|3* — 1, we have ords(7) = 6|a, so 3% — 1 is divisible by 3% — 1 which is divisible by
13. Hence 13]7" — 1, so ord7(13) = 12|b.

It follows that 7% — 1 is divisible by 7'2 — 1 which is divisible by 43. It means that
43|3* — 1, therefore ordz(43) = 42|b and 3% — 1 is divisible by 3%> — 1 which is divisible by
49. It is impossible because 7(7° — 1) is not divisible by 49.

Answer: (2,1). |



Problem 1.12. (a) Find at least one integer ¢ > 4 such that equation
(c+2)"—=2Y=c

has more that one solution.
(b) Solve this equation with the found c.

Solution. We prove that the equation
91" — 2Y =89

has two solutions. By checking small values of x, we find that (1, 1) and (2, 13) are solutions
to this equation. Suppose there exists a solution with x > 3. Considering the equation
modulo 7% = 343, we obtain 2Y = 254 (mod 343). It follows that y = 76 (mod 147).
Let us check the remainders of the number 2Y 4+ 89 upon division by the magic prime
2647 = 18 - 147 + 1. We find that

2Y 4+ 89 = 2083, 941, 1900, 1046, 1536, 1602, 2432, 437, 2059  (mod 2647).

However, this set of remainders does not intersect with the set of remainders of the powers
of 91 upon division by 2647, a contradiction.
Answer: (1,1),(2,13). |

In addition to the theorem mentioned at the beginning of this section, we believe that
the following conjecture is true:
Conjecture. The number of positive integer triples a, b, ¢ such that equation (x) has exactly
two solutions is finite.

The jury knows 15 such triples. How many triples can you find?

Problem 1.13. Find at least 8 positive integer triples a, b, ¢ such that equation (x) has
exactly 2 solutions.

Solution. The complete list of triples currently known to the jury is as follows:
(2,3,5),(2,3,13),(4,3,13), (16, 3,13),(2,5,3),(3,2,1), (13, 3,10), (91, 2, 89),

(6,2,4), (6,3,1215), (6,9, 1215), (6,81, 1215), (15, 6,9), (280, 5, 275), (4930, 30, 4900).
m

2  On a Stgrmer problem

The finiteness of solutions of the Diophantine equation () can be reformulated as follows:
take all powers of a and all powers of b, and arrange them in increasing order. Here is an
example for a = 2, b = 3:

ol 3l 22 23 32 2% 33 25 20 3% of



Then the distance between consecutive terms in the sequence approaches infinity. In other
words, for any given integer, there is a point in the sequence after which all subsequent
gaps are larger than that integer.

The following statement generalises the previous one. Fix some finite set () of prime
numbers. Take those numbers whose prime factors belong to the set () and arrange them
in increasing order. An example for the set QQ = {2, 3,5} is given below:

2l 31 22 5l 2l.3t 23 32 ol.5l 922.31 3.5 ...

Then the distance between consecutive terms in the sequence approaches infinity.

The proof of this difficult statement is not part of our project. Instead, we will prove an
upper bound on the number of pairs of consecutive numbers in the given sequence. This
bound depends only on the cardinality of Q).

Further, throughout the project, we suppose that () consists of ¢ prime numbers

gL < g2 < ... <.

Definition. ()-smooth numbers are defined as the set of integers

{di'qy> - g | es = 0} .

Problem 2.1. Find all consecutive pairs of {2, 3}-smooth numbers. That is, solve the equa-
tion 2%3Y — 273! = 1 in nonnegative z, y, 2, t.

Solution. Since ged(273Y,273") = 1, only the following 4 cases are possible:

1) z =0, y=0. Then 1 — 273" = 1, and there are no solutions;

2) z=10, t = 0. Then we immediately find the pair (1, 2);

3) y =0, z=0. Then 2* — 3" = 1. By Problem 1.1.a we find the pair (3,4);

4)x =0, t =0. Then 3V — 2°* = 1. By Problem 1.1.b we find the pairs (2,3) and (8,9).
Answer: There are exactly 4 pairs of consecutive {2, 3}-smooth numbers:

(1,2),(2,3),(3,4),(8,9).
|

Further, throughout the project, D is a positive integer that is not a perfect square.
Denote by (x1, 1) the fundamental (minimal positive) solution of Pell’s equation

2 — Dy? = 1.
All the positive solutions (z,,y,) to this equation are given by

Tn + YV D = (x1+ ylx/ﬁ)".

Problem 2.2. (a) Prove that y; divides y, for every integer n.
(b) Prove that if k divides n then y; divides y,,.
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Solution. (a) Follows from part (b) with k = 1.
(b) Since n is divisible by k, we have n = km for some m. Then the assertion follows
from Problem 2.5.g after substituting y; = y1U; for ¢« = k,n:

m . 1o
Yn = Ykm = ykz (22. N 1) D172,
i>0

Sometimes it is useful to know the structure of prime divisors of y,,. For example, solving
the equation a?* — b*"*! = 1, a partial case of (*), can be reduced to solving the Pell’s
equation with z = a, D = b and y = b™. It turns out that, under the conditions of this
example, verifying the existence of a solution is straightforward using the following problem.

Problem 2.3. Prove that Pell’s equation has at most one positive integer solution (z,y) for
which every prime divisor of y divides D.

Solution. Notice immediately that if (x,y) is a solution to Pell’s equation, then (z, D) = 1
and (z,y) = 1. Otherwise, the left-hand side of the equation 22 — Dy? = 1 is divisible by
their greatest common divisor, while the right-hand side is not, which is impossible.

Now assume that the statement of the problem is false, meaning that two such solutions
exist. At least one of them is different from the fundamental solution (z1,y;). Let such a
solution be denoted by (z,,y,). Notice that since y; | y,, (by Problem 2.2.a), every prime
divisor of y; also divides D.

Therefore, we will now actually prove that there exists no solution (z,y), other than the
fundamental one, such that every prime divisor of y divides D. Furthermore, for any prime
p | n, we have y, | y,, (by Problem 2.2.b), which means that for the solution (z,,y,), it is
also true that every prime divisor of y, divides D.

Consider U, and its prime divisor g. By definition y, = Uy, therefore U, | y,, whence

qlyp=qlD.
According to Problem 2.5.e:

U — Dz 21 _n—1—21¢
n ;>0 (22. n 1) Y1 2y

Consider this expression modulo ¢. In the right-hand side, all terms starting from the
second one are divisible by D, meaning they are congruent to zero modulo ¢, and we are
left only with the first term:

0=pal’

Now notice that if p # ¢, then ¢ | 33713_1 = q | xr1 = q | (z1, D), a contradiction. Thus,
p=¢q,and U, = p* for some natural number k. Also notice that z; > 1, since Dy? # 0.
Therefore U, > px’f*l > p. This means k > 2, and p? | Up.

e Consider the case p > 3. Notice that all terms

p i 2 p—1-2i
D’L
<2¢ 4 1) i



11

for i > 2 are divisible by D?, which means they are divisible by p?. Thus,

pat 4 (g) Dy?a?® =0 mod p.

We have (%) :3 w. If p > 13, then p | (3). Slince p | D, it follows that
p* | (§)Dyiz)™", and then p* | pz}” . Whence p | ), which cannot be the case,
as we proved earlier. Contradiction. Thus, our assumption turned out to be false, and

the problem is proven.

e Now consider the case p = 3. Then Uz = 32? + Dy? = 3%,
Let D = 3d, then 22 + dy? = 3%~1.
It is also known that 2? — Dy? = 1, which is 22 — 3(3* ! — 22) = 1, whence
(221 — 1)(22 + 1) = 3F.
This means each of the brackets is some power of three. Notice that the difference

between the brackets is 2, so they cannot be divisible by 3 simultaneously. Therefore
we get 221 — 1 = 1,22, + 1 = 3. But then x; = 1, a contradiction.

e [t remains to analyze the case p = 2.

By Problem 2.5 b: Uy = 22,U; = 22;. Thus, z; = 2!, where k > 2, so 2 | 1. And
since 2 | Uy, then 2 | D, and we get a contradiction with the fact that (z;, D) = 1.

|
In 1897, this idea enabled Stgrmer to prove the upper bound we promised.

Problem 2.4. (a) Prove that number of consecutive pairs of @-smooth numbers does not
exceed number of Q-smooth numbers of the form n? — 1.
(b) Prove that there are no more than 3" consecutive pairs of Q-smooth numbers.

Solution. (a) Let two consecutive Q-smooth numbers be denoted by S and S+ 1. Note that
since one of them is necessarily even, 2 belongs to the set () as a divisor of a ()-smooth
number.

We then prove that the number 45(S + 1) is also @-smooth. Indeed, any of its prime
divisors p divides one of the numbers 4, S, (S + 1). Since all three numbers are (Q-smooth,
their prime divisors belong to Q).

Notice that 45(S + 1) = (25 + 1)2 — 1. Let n = 25 + 1. Then the expression takes
the form n? — 1. The number n is uniquely determined by S; therefore, different pairs
of consecutive ()-smooth numbers correspond to different ()-smooth numbers of the form
n? — 1. Thus, the number of such pairs does not exceed the number of )-smooth numbers
of the form n? — 1.

(b) According to part (a), it is sufficient to estimate the number of @-smooth numbers
of the form n* — 1. We will prove that there are at most 3! of them, where ¢t = |Q)|.
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Consider a @-smooth number of the form n? — 1. We will construct a Pell’s equation
from it. Let n* — 1 = p{*...py*, where all p; € @ and all a; > 0. Then set D = P .pzk,

where b; = 1 if ai is odd, and b = 2 if it is even. Such a D is @)-smooth by construction.
a1— bl akfbk

=D Dy is a perfect square, since the expo-
nents of all primes in the factorlzatlon are even and non-negative.
Let y, = ”251. Then the pair (n,y,) is a solution to the equation 2> — Dy? = 1.

Moreover, this solution possesses the following property: every prime divisor of y,, divides
D. Indeed, if p | y,, then p is present in the factorization of n? — 1, and therefore, by
definition, p | D.

Now we prove that different numbers n? — 1 correspond to different values of D. Suppose
not, and for some n? — 1 and m? — 1 (n? — 1 # m? — 1, i.e.,, n # m), the same value of D
was obtained. Then the equation 22 — Dy? = 1 would have two distinct solutions (n,y,)
and (m, y,,) (since n # m) in which all prime divisors of the y-component divide D. By
Problem 2.3, we reach a contradiction.

We have shown that different Q-smooth numbers of the form n? —1 yield different values
of D. Now let us estimate the number of such D. These are ()-smooth numbers in which
the exponents of all prime factors do not exceed 2. This means that for each prime p;
in (), there are three possible exponents: 0, 1,2. All other primes are not included in the
factorization. Therefore, there are at most 3! possible values for D. |

The resulting upper bound is determined by the number of Pell’s equations that must
be checked for the existence of a special solution. Further, we present an alternate approach
that requires solving only 2¢ — 1 Pell’s equations. This requires some additional technical
aspects, but it gives a better estimate of the number of consecutive pairs of ()-smooth
numbers.

By Problem 2.2a numbers U,, := y,/y; are integers. We take a closer look at «non-
trivial» divisors of y, and study the properties of the sequence {U,}.

Problem 2.5. Prove that

(a) @9, = 222 — 1, (b) Uay, = 2x,,U,,

(€) Timtn = TmTn £ DYmyn, (d) Uptn = 2,Upy £ 2,Up,

(e) m, = Zz>0< )Dly%lﬂfrf 22» f) U, = Zi}() (2z+1)DZ?/1 Y - 22,
(g> Umn 2220 (22+1)D1U22+1y21 n—1— 22

Solution. (a) zo, = 222 — 1
Consider the expansion for xs, + an\/ﬁ

Ton+ Y2V D = (1411 VD) = (x1+y:VD)")? = (2,4 y,VD)? = 22+ Dy +22,y,V D

From here, xs, = :L‘ 21+ Dy?. Given that (,, y,) is a solution to Pell’s equation (z2—Dy? = 1),
we have Dy? = 22 — 1. Substituting this, we get:

Top = 22 + (22 — 1) =222 — 1.



13

From the same expansion in part (a), it follows that ys, = 2x,y,. Dividing both sides by

Y1, we obtain:

Yom _ 2xn% — U, = 22,U,,.

Y1 U1

(C) LImtn = TmTn + Dymyn
We use the representation in terms of the fundamental solution:

Tomin + YminVD = (21 + 91V D)™ - (21 + y1VD)*" = (2 + ym VD) - (24 + yoVD)*
Moreover, since (2, + 4,V D) - (2, — yov/D) = 22 — Dy? = 1, then
(@0 + 92 VD)™ = (20 — yu VD).
Therefore,
Tonin + Ymaen VD = (T + ym VD) (Zn £ ynV D) = (ZmTn £ Dymtn) + (Tm¥n £ TpYm)VD.

Comparing the rational parts: £+ = Tpmxn £ DYmYn.
(d) Unan, = 2,Up, £ 2,,U,,
Comparing the irrational parts from the expansion in part (c):

Ymtn = TmlUn + TnlYm-

Divide by y;:

Y1 Y1 Y1

(&) T =Yg () D'yi'a] ™
Expand the expression x, + y,vV D = (x1 4+ 11 \/5)” using the Binomial Theorem:

o + YuV'D = Z ( ) k(v D)E.

The rational part x, corresponds to even indices k = 2i:

0= 3 ()t H VD =3 (5 ) Dt

2i<n 1>0

2i
f) U, = Zi>0 (21+1)D21U1 Ty o
The irrational part from the expansion above corresponds to odd indices k = 2¢ + 1:

—(2i+1) D)2+ — n —2i—1 21+1Dz D
yVD = Y (2Z+1>x (11VD) ;( . )561 vD.

2i1+1<n 2t T 1

Divide by y;v/D:

_Yn n i 2 n—1-2i
Un———z<2i+1>Dy1x1 .
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(8) Unn = 2z (o) D'UL ity
Note that @ + Ymn VD = (T + ym\/ﬁ)” Applying the formula from part (f) to the pair

(Tm, Ym), we obtain:
n 2141 i n— 21 1
= g D'z
S P <2i + 1> Ym

Divide by y;:

2i+1
Ymn n Ym i, n—1—2i
Upn = = ( , ) —D'x :
"y ; 2i+1) "
Since v,, = U,,y1, then 72;:1 = (U’”le)w = UX*ly3 . Substituting this, we obtain the
required identity. |

Definition. Let p be a prime, and let w(p) be the rank of apparition of p in the sequence
{U,}, that is, the least positive j for which U; is divisible by p.

Problem 2.6. Prove that a prime p divides U, iff w(p) divides n.

Solution. («=): Let n be divisible by w(p), that is, n = kw(p) for some natural number k.
According to the formula for Uy, (Problem 2.5.g), the number Uy, is divisible by U,
Since, by the definition of w(p), U,y is divisible by p, then U, is also divisible by p.

(=): Let U,, be divisible by p. Suppose the contrary, i.e., n is not divisible by w(p). Then
consider: n = tw(p) + r, where 1 < r < w(p). By Problem 2.5.d:

Un - Utw(p)+r = ertw(p) + xtw(p)Ur

Since p | U, and p | Utw , p must divide the remaining term: p | 24, U,. Notice that
(zg, Uy) = 1, since 2 — Dy%U2 = 1. Since p | Upy(p), p cannot divide (). Thus, from
P | Ti(p)Us, it follows that p | U,. However, since w(p) is the smallest positive index for
which U is divisible by p, we arrive at a contradiction. |

It is easy to see that w(2) = 2. The next problem shows that w(p) exists for any prime p.

Problem 2.7. (Law of Apparition). Let p be an odd prime. Prove that
(a) w(p) = p if p divides Dyy,
(b) w(p) divides (p — €)/2 if p does not divide Dy, where

D
€ = (—) = DPY2 (mod p).
p

Proof. (a) If p | Dyi, by part 2.5.e we have: U, = >, (QZH)DZylifo_l_%. Consider
this expression modulo p. All terms for ¢ > 1 are divisible by Dy, and therefore are divisible
by p. Thus:

U, =nz}™! (mod p).
Since (x1,p) = 1, then U, =0 (mod p) <= n =0 (mod p). The minimal such n is p,
hence w(p) = p.
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(b) Using the expansions from problems 2.5.de and noting that (}) = 0 (mod p) for
0 < k < p, we obtain:

z,=2] (modp), U,= D%y{_1 (mod p).

Note that 2} = x; (mod p), because either p | z1, in which case both sides are = 0
(mod p), or p 1z, and by Fermat’s Little Theorem 3:11’_1 =1 (mod p). Also, since p 1 Dy,
it, follows that ¥ = 1 (mod p). Then z, = z; (mod p) and U, = ¢ (mod p).

Now we apply the formula from Problem 2.5.g for y,_.:

Yp—e = YpT1 — £Tpy1 = (eyp)x1 —exyr =0 (mod p).

In writing this formula, we used the fact that ¢ = £1. Now we have U,_. = y,—-/y1 =0
(mod p). By problem 2.6, this implies w(p) | (p — ¢).
Using formulas 2.5.ab:

J— — — 2 P
Up-e = 22pcUpec =0 (mod p), =zp—r =223 — 1

2
Since x,_. = x,r1 — eDyyy; = 23 — Dy? =1 (mod p), we have:

1 (modp) = z3.=1 (mod p).

202 . —1

Thus, Ty % 0 (mod p). From the equality 20pcUpe = 0 it follows that Uy = 0

2
p—€

(mod p). And by problem 2.6, the condition p | Up_c is equivalent to the fact that w(p) | 5=
|
Problem 2.8. Let p > 3 be a prime dividing Dy;. Prove that U, = p (mod p?).

Solution. By Problem 2.5.e:

p—1

2
p i 2 p—1—2i
U, = D .
p - <2i+ 1) Y1

Expanding the first two terms of this sum, we have:

p -1 p -3 — p i 2 p—1-2i
U, = <1>x21’ + (3>Dy%x‘? —|—Z (2@'—|—1>D 2ok .
i=2

Consider this expression modulo p?.

All terms for ¢ > 2 are divisible by (Dy1)?, and since p | Dy, they are also divisible by p?.
For ¢ = 1, the term is also divisible by p? because Dy is divisible by p, and (g) — ple=Dp=2)
is divisible by p (for p > 3).

Therefore, U, = pxlf_l (mod p?). Since (21, D) =1, (x1,91) = 1, and p | Dy, it follows
that pt 1, and thus =" = 1 (mod p). Then pz?~' = p (mod p?). |

6
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Problem 2.9. (Law of Repetition). Prove that for every prime divisor p of U,, positive
integer k coprime with p and A > 0 the next equality holds

Vp(Ugnpr) = vp(Un) + .

Solution. Notice that since v,(U,) = v > 1, it follows from x2 — Dy?U? = 1 that p{ z,,.
e Let us prove that v,(Uy,) = v,(U,) if (k,p) = 1.

By Problem 2.5.g:
k
Un — DZUQH—l k’ 1—- 22
¢ Z;(Zile)

(>

For i > 1, all terms are divisible by U2, which means they are divisible by p*'. Since
v > 1, we obtain that modulo p**!:

U = k:Unfo_l = kU, (mod p"*h)
Then, since (k,p) =1, we have v,(kU,) = v. Thus, vp(Up) = v

e Now let us prove that v,(Uy,) = 1,(U,) + 1.
Again, we expand using Problem 2.5.g:

. p irr2i+1, 21, .p—1— 21
U"p_Z(QzH)DU" Y1 n

120
For i > 1, all terms are divisible by U?, meaning they are divisible by p?". Since v > 1,
we obtain that modulo p**2:
Upp = pUpi~t = pU,  (mod p”*?)
We have v,(pU,,) = v+ 1. Thus, v,(Uyy) = v+ 1.

Applying the reasoning of the second case \ times, we obtain v,(U,,») = v,(Uy,) + A
Combining this with Step 1, we get v,(Uyppn) = vp(Un) + A |

For brevity, we write

Oz=$1+yl\/5, 5=$1—y1\/5-

We now introduce

For example,

Gi=1 Gy=a+p=20=U, G3=0dc’>+ab+/5>="Us.
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Problem 2.10. Prove that G,, is an integer, being a symmetric polynomial of o and 3.

Solution. Note that if (h,n) = 1, then (n — h,n) = 1. Introduce the notation e, = e*™"/".
Then note that e, - e,,_;, = 1.
We first prove that G,,(«, 8) = G(5, ). To this end, consider the product:

H 62mh/n.

()=t
Note that it equals (—1)?. Indeed, all e, split into pairs (es,e,_p), and in each pair
the product is 1. Only e/, could remain unpaired. However, for n > 2 we do not have
(n/2,n) = 1, so it does not appear in the product. For n = 2 we have ¢(n) = 1, and the
product contains only e; = —1.
Now multiply G, (a, ) by this product. We obtain:

Gn<a,ﬁ) . H 627m'h/n _ H (Oé . 562m'h/n> 62m’(n—h)/n’

h<n h<n
(h,n)=1 (h,n)=1
Gn(Oé, ) . (_1)90(71) — H (a€2ﬂi(nh)/n . B) ,

h<n

(h,n)=1

Gu(a, B) - (=1)#") = H <&€27rih/n _ 5) '
h<n
(h,n)=1

The last transition is valid because in the product, whenever there is a factor with ey, there
is also the same factor with e,_j, and conversely.
It remains to multiply both sides by (—1)#(™:

o) = T] (5= cei).

h<n
(h,n)=1

Note that the right-hand side is exactly G, (8, a).

Now we prove that G, («, () is a polynomial with integer coefficients. To do this, consider
the polynomial P, (z) = H(hm):l (x — e2min/ ”) We prove that this polynomial has integer
coefficients.

Note that its leading coefficient is equal to one. Also note that

' —1= de($)~
dln

Indeed, the left-hand side factors as
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Here, if we set d = (n,k) and h = g, then (h,d) = 1. This decomposition is unique, so to
the factor (:1: — e2mik/ ”) there corresponds exactly one factor (:z: — ¢2mih/ d) in the product
[ 14 Pa(z). Conversely, from any factor of the product [ [, Pa(z) the corresponding factor
on the left-hand side is uniquely determined.

We prove by induction that the coefficients of P, () are integers.
Base: Pi(xz) = 1.
Inductive step: denote Q,(x) = [ apn Pa(); then 2" — 1 = P, (2)Qn(x).

Note that the polynomial @Q,,(x) hacé<ﬁ1teger coefficients, since it is a product of polynomials
with integer coefficients. If we divide the polynomial 2" — 1 by @Q,(x), the coefficients of
the resulting polynomial will be rational. Since the leading coefficient of @Q,(z) is one (as
the product of the unit leading coefficients of the Py(x)), the coefficients will in fact be
integers.

For n > 1 we have G,(«, 3) = (%) ¥ 5o its coefficients are also integers. Note
also that a8 = 22 — Dy? = 1.

Since G,, is symmetric, the coefficients of a/5¥ =" and B7a ™~ are equal.

For n = 2 the statement of the problem is obvious from the explicit form of G, so
consider n > 2. Then ¢(n) is even, and after expanding the brackets in G, all terms
split into pairs: ¢ - @ BP 4 ¢ e = (@M LT 1 gmae)=m) \Without

loss of generality, assume @(n) —m = m + ¢, t > 0. Then the sum takes the form
c- "Bt + BY = clx; + yvV'D + 2 — y,v/D) = 2cx;. We obtain an integer. There-
fore GG,, is an integer as a sum of several integers. |

Problem 2.11. Prove that

U, = HG(;.

oln

Solution. Note that the terms of the sequence U, are expressed by the formula:
ol — Bn
a—pf "
We use the factorization obtained in the previous problem, first multiplying it by £¥(™

oTIn(2)

dn

U, =

Since Py <%) 0 = a — 3, we have:
U — o — p" — H Ps (2) BP0
a—pf 5
Defining G; =1 and G5 = ( ) 399 for § > 1, we obtain the desired representation:

U, = HG(;.

oln
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It follows from the previous problem that G,, is a factor of U,,.
We distinguish two kinds of prime factors of GG,,. A prime factor of Gz, that divides n is
called intrinsic. The other prime factors of GG,, are called extrinsic.

Problem 2.12. Let p be an intrinsic prime factor of G,,.
(a) Prove that p is the largest prime factor of n.
(b) Prove that G,, is not divisible by p? if n > 3.

Solution. (by M. Akimova) Let p be the largest prime divisor of n and let v = v,(n). Set
m=mn/p’.
(a) Take an arbitrary prime divisor ¢ of m. By Problem 2.11 we have

Up=Un- [[ Go, hence v, (U,) = v0y(Un) + > vy(Ga).

pldin pldin

But since ¢ # p, by Problem 2.9 we have v,(U,) = v,(U,,). Hence, for any d dividing n
and divisible by p, we have v,(G4) = 0. In particular, v,(G,) = 0.
(b) By Problem 2.11 write

Uy = Uppr = Upypo—1 - H Gg, hence  vy(Uppr) = 0p(Upppo—1) + Z vy (Ga).

p*ldln p¥ldn

By Problem 2.9 we have vp(Upyr) = vp(Upype-1) + 1, whence > . 4, vp(Ga) = 1. In partic-
ular, v,(G,) < L. |

Problem 2.13. Let n > 3 be an integer.
(a) Prove that G}, has extrinsic prime factor g.

(b) Prove that g > 2n — 1.
Solution. Let ,
n = H P}
i=1
be the prime factorization of n, among whose primes p; is the largest. Then
t
o) =] -1 2p—1.

i=1

Hence
Gl = [ [ loe = Bexp(@min/n)| > (a = )7
h

= (2 VD)?" > ot >
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Here the estimate for the modulus of the product could be made by splitting the factors
into pairs and estimating each pair by (o — 3)%.

Thus we have obtained G,, > p;. Suppose that GG,, has no external prime divisor. Then
by Problem 2.12a every prime divisor of it is the largest prime divisor of n (as an internal
one). That is, G,, = pf. Since n > 3, by Problem 2.12b we have p? { G,,, so k < 1, and
G, < p. This contradicts the relation just obtained.

Therefore, G, has an external prime divisor p*. Let w = w(p*) be the rank of apparition
of p*. Since p* divides G,, and consequently U,, we have w | n. Suppose that w < n, so
that G, divides the integer

Un/Us =[] Gs.
0|n,0tw
Then p* divides this quotient. But p*, being external, divides neither n nor w, and therefore,
by Problem 2.9, U, /U, is not divisible by p*. This contradiction proves that w = n. But
then p* £ w, since p* does not divide n. Consequently, by Problem 2.7b, w, and hence n,
divides %(p* + 1). Thus, p* > 2n — 1. |

[t is convenient to introduce the number M(Q) defined by

M(Q) = max(3, (¢: +1)/2).

Problem 2.14. Let Q' be the subset of all 2/ — 1 square-free Q-smooth numbers with the
exception of 2. Let S be an integer such that both S and S + 1 are ()-smooth. Prove that
S = (x, — 1)/2 where (z,,y,) is a solution to the Pell’s equation

2 —2dy* =1
in which

de @, 1<n<MQ).

Solution. Suppose first that (x,,y,) is a solution of the Pell’s equation
?—2dy* =1, de @, 1<n<MQ).

Then, since x,, is odd and ,, is even, we have

S(S+1) = ‘7“”214_ Py (%)2 Q.

Now suppose that S(S + 1) € @Q, that is,
S(S+1)=2¢"q3*...¢",

where
o, =¢; +208;, €€ {0,1}.

Moreover,

x =25 +1, y:2q11q§2...qtﬁt€Q, d=qi'¢5?...q' € Q.
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Multiplying the expression S(S + 1) by 4, we see that
45% +48 = 2? — 1 = 2dy>.

Consequently, every such S leads to some solution (z,y) of the equation 22 — 2dy? = 1, in
which y and d belong to @ and @', respectively. As is well known, (z,y) must be (x,, y,)
for some n > 1. It remains to show that n < M.

Suppose instead that n > M. Applying Problem 2.13 and using the fact that G, | U,, | yn,
we conclude that g, is divisible by a prime p such that

p=22n—1>2M -1 2> q.

Therefore, y,, does not belong to (), a contradiction. Thus, n < M. |

The next theorem is a direct consequence of the previous problem:
Theorem. There exist no more than (2!—1)- M (Q) consecutive pairs of Q-smooth numbers.

Problem 2.15. Find all consecutive pairs of {2,3,5}-smooth numbers.

Solution. We use the previous problem. ' = {1, 3,5, 6,10, 15,30}, M(Q) = 3.
Then it suffices to consider 7 choices of the parameter d for the Pell’s equation, and for
each such equation to consider the solutions with n < 3.

o 22 —2y2 =1
In this case (x1,11) = (3,2), (w2, y2) = (17,12), (z3,y3) = (99, 70).
From them we obtain the following pairs: (1,2), (8,9).
e 2’ — 6y =1
In this case (z1,y1) = (5,2), (z2,y2) = (49, 20), (z3,y3) = (485,198).
From them we obtain the following pairs: (2, 3), (24, 25).
o 12— 102 =1
In this case we similarly obtain the pair (9, 10).
o 22 —12y2 =1
In this case we obtain the pair (3,4).
o 22 —20% =1
We obtain the pairs (4, 5), (80,81).
o 2230y =1
We obtain the pair (5, 6).
e 22 —60y° =1
We obtain the pair (15, 16).
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3 Stgrmer’s method

In Section 2 we mentioned how the fact stated in Problem 2.3 helped Stgrmer prove an
upper bound on the number of pairs of consecutive ()-smooth numbers. A similar study of
the structure of prime divisors of solutions to the generalized Pell’s equation can be useful
for solving many number-theoretic problems. We suggest you to solve some of them.

Problem 3.1. Let (z,y) be a solution of the equation #? — 1 = y¢ for prime ¢ > 5.
(a) Prove that = can not be even.

(b) Prove that either (x;?’) or (m 3) is represented by a difference of two perfect g-powers.
(c) Prove that x is not divisible by g.

(d) Prove that y + 1 is a perfect square.

(e) Prove that equation

? —1 =91
has no solutions for prime ¢ > 5.
Solution. (a) Suppose that x is even, then y is odd and x — 1 and x + 1 are coprime. It
follows that that x — 1 and x + 1 a both ¢-th powers. Let t — 1 = s? and x + 1 = t4. We
have t? — s¢ = 2 for some s,t € Z. It is possible only if t = 1, s = —1. But this implies

x = 0, which leads to a contradiction.
(b) By (a) z is odd and (z 4+ 1,2 — 1) = 2. Let € = 41 be such that x = ¢ (mod 4). Then

r+e=2wl r—c=2"12 y=2wz

for w, z € Z such that ged(w, 2z) = 1. Hence

() (55 ) - () e e

(c) Lemma. If a,b € Z, (a,b) = 1 and p is a prime number, then

p_
(a bp,a—b)zlorp.
a—>b

Proof: Note that

aP —

= Z a1 = pbP !t = pa?t (mod a —b).

It follows that (ap bp, — b) divides both pb?~! and pa”~!. Since a and b are coprime,

we find that (ap oF a—b) D, (“2 Ib’p,a—b) =1, or p. H

<(w2)q - (252)q,w2 - 252) =1lorgq.

w? — 2ez

By lemma we have
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1f (w?)i=(2e2)
w2—2ez
square, so w < z. But it is impossible for x > 1 since

<E> _ 2P TE
ya xr — &

and w? — 2z are coprime then it follows from (b) that w? — 2ez is a perfect

Hence x =1 and y = 0, Whichzis a contradiction.
Otherwise, both numbers &= 414 w2 —2¢2 are divisible by ¢, so (”3_35)2 = (w?)?—(2¢2)

w2—2¢ez 2

is divisible by ¢ too. Hence x is not divisible by q as ¢ > 5.

141
(Z:l,y+1) =1 org.

If % and y + 1 are both divisible by ¢ then 22 = y? + 1 is divisible by ¢ too, which

contradicts (c). If % and y + 1 are coprime then y + 1 is a perfect square.

(d) By lemma we have

(e) If (x,y) is a positive solution of the equation 22 — 1 = 3¢ then y + 1 = s* by (d). It
follows that Pell’s equation
2y tt=1

has at least two solutions (z,t) = (s,1) and (2,t) = (z,y" ) for which all prime divisors
of t divides y. This contradicts to the result of the Problem 2.3. |

Problem 3.2. (a) Prove that all solutions of the equation

ax® — (a —1)y* =1

for integer a > 1 are given by

zv/a + Z/t\/ﬁ = (\/5 + \/ﬁ)%ﬂ

with nonnegative integer .

(b) Solve the equation
x?k’—i—l -1

for positive integer k.

Solution. (a) Note that the number w/%l is irrational, so the representation of a number

in the form zv/a + yv/a — 1 is unique.

Consider the numbers z = xv/a + yva—1 and Z = zy/a — yv/a — 1; then 2z = 1.
Choose t such that

(Va+Va-1*" <avatyva-1< (Va+va-1)""

Set

w=kva+/a—1=(zv/a+yva—1)(vVa—+va—1)*
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Then ww =1 (in particular, k¢ # 0) and
vVa—+va—1<w<vVa++va—1.

One of the numbers w and w (the one whose coefficients have the same sign) is at least
va++va — 1, while the other (from the equality ww = 1) is at most y/a —v/a — 1. Taking
into account the inequalities for w, we obtain w = v/a + v/a — 1, from which the required
formula follows.

(b) Let (a, s) be a positive integer solution of the equation

CEZk:Jrl -1 _ y2
r—1 '

Note that a > 1 by definition.

Then

a-b*—(a—1)-s2=1

with b = a”.
From (a) we obtain

b—d* —al + (Qt; 1)at_1(a— 1+ (%I 1)at—2(a— 244 (2’52: 1) (a—1). (+)

Since @ > 1 and from (%) we get k > t. Next, denote by L and R the left-hand and
right-hand sides of (%) and consider several cases.

Case 1. Let 2 | a. Then L is even, while in R all summands except the last one are even.
This is impossible.

Case 2. Suppose that the prime factorization of a contains p® > 3 for an odd prime
p. Then L is divisible by p*®. We will show that R is divisible by a smaller power of p,
obtaining a contradiction.

Set 8 =wv,(2t +1) <t < k. We will show that all summands in R, except the last one,
are divisible by p?*!, from which it will follow that v,(R) = 8 < k < ka.

For this it suffices to show that

ERRE

forall 1 <@ < B/a. Recall that either p > 3, or p = 3 and o > 1; then under our restrictions
on i we have 2i+1 < p”  and then the left-hand side equals v, (2t+1)—v,(2i4+1) = B—uv,(2i+1).
It remains to note that for p* > 3 the inequality v,(2i + 1) < ia holds, since

2i +1 < (p*).

Case 3. Only the case a = 3 remains. Again set 8 = v3(2t + 1). If § = 0, then in the
sum R only the last summand is not divisible by 3, that is, R is not divisible by a, which
is impossible. Hence $ > 0, and then t = 3/ + 1. For [ = 0 we obtain k£ = 2, and the pair
(3,11) is a solution. Let [ > 1. Then the sum of the last two summands in R equals

R =2'(2t +1) + 2722t + 1)2t(2t — 1) = 20712t + 1)(181% + 91 + 3),
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and v3(R') = §+ 1. But in each of the remaining terms 3 enters to a higher power (this
is proved in the same way as above, using the inequality v3(2i + 1) < i — 1 for i > 1).
Therefore, R cannot be a power of three, and hence there are no other solutions. |

Problem 3.3. (a) Solve the equation

4k+2
x —1
— 92
x—1 Y
for positive integer k.
(b) Solve the equation
xt—1
r—1

for positive integer k.

Solution. (a) Suppose there is a positive integer k such that given equation has positive
integer solution. Notice that x is odd. Rewrite the equation as

ﬂS‘Qk—H -1 LUQk_H +1 o
v—1 > 7
[t is easy to see that numbers x2j:1_ L and % are coprime, therefore they are both perfect

2k+1+1

squares. It follows from Problem 3.2b that x = 3 and k£ = 2. But then *—

which is not perfect square, contradiction.
(b) (by A. Shturman) Assume there is a positive integer n > 1 such that the equation

_ 3541
= = 122,

|

— 2y2

r—1
has a positive integer solution. Choose the minimal n = ny with this property. Again notice
that z is odd. By (a) ng is even, so ny = 2. Rewrite the equation as

1.21 —1 51721 + 1 o
-1 2 7
It is easy to see that numbers ”“";l__ll and xQ;H are coprime, therefore they are both perfect

squares, respectively z? and t2. Notice that

2l l
2 — x_l(:c+) (%)

If [ is odd then g__ll is odd too, and it is coprime with 2! + 1. Hence % and 2! 4+ 1 are

perfect squares. It follows from Problem 3.2b that either [ =1 or x = 3,1 = 5. The second
case is impossible because 3° + 1 = 244 is not a perfect square. Hence [ = 1, and numbers
r+1, x22+ L are both perfect squares.

Number z+1 is even, so there are positive integer a, b such that x+1 = 4a?, 22 +1 = 2b%.

It follows that

8at —4a®> +1 =1
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This equation in a, b has no positive integer solutions but the jury are unaware of elementary
proofs. We accepted solution modulo of proof of this fact.

If [ is even then z
-1
(x ,:rl—i—l) —2,
rz—1

is a twice a square by (k). It follows that [ = 2, otherwise we have contradiction
241
2

xl—1
r—1

with choice of ng as | < 2ng = 41. Hence
because

and

and I42+ L are perfect squares. It is impossible

2
x4—|—1<a:2(a:2—|—1)< 934—|—1+1
2 2 2 '

Problem 3.4. Prove that the equation
2" =1E -1 =y’

has no positive integer solutions.

Solution. Assume the opposite, let (n,m) be a positive integer solution. If n is odd, then

v2((2" — 1)(3" — 1)) = 1, a contradiction. So n is even. Since (2" — 1)(3" — 1) = m?, we

can assume that 2" — 1 = da® and 3" — 1 = db* with positive integers a, b and squarefree d.
It is easy to see that d > 1. Then (22, a) and (32,b) are solutions to Pell’s Equation

z? — dy* = 1.

The first components of solutions to this Pell’s equation are described by the recurrence
relation
xo =1, 11 =1, Tpqo = 2tTp41 — Ty

for some integer t. It follows that 22 and 32 are both terms of the sequence ..

If t is odd then every term of {} is odd while 22 is even, a contradiction. So t is even.
It follows from the recurrence relation that xj is even iff k is odd.

Ift=1 (mod 3) then 7, = 1 (mod 3) for any k, while 32 is a multiple of 3, a contra-
diction. If t = 2 (mod 3), then z; = 1 (mod 3) when k is even and z;, = 2 (mod 3) when
k is odd. But 32 is a multiple of 3, a contradiction.

Hence t is a multiple of 3. It follows from the recurrence relation that x; is a multiple
of 3 iff k£ is odd. But we already know that k is odd iff x; is even, so z; can not be a power
of 3, a contradiction. |

Problem 3.5. Prove that the equation
2" =15 —=1)=y"

has no positive integer solutions for n > 3.
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Solution.

If n | z, then the left side is bounded between (10% — 1)" and (107)", a contradiction.

Assume without loss of generality n is a prime or 4, 6, 9. We deal with the second
case first. As 4 | 5* — 1, we get that 15(5* — 1) > 4, so 4 | x. Therefore, 3 | 2 — 1, so
v3((2" —1)(5" — 1)) > 4, implying 9 | x. So 36 | z, it is impossible when n = 4,6, 9.

Now, let p be prime. We show by induction on p that if n > max(p,4) then every
prime ¢ < p must divide y and p | z. The cases p = 2,3 have already been shown.
For the inductive step, we already know that every prime ¢ < p must divide y. Then, as
v (2°=1)(5*=1)) =2 n>pand v, (271 =1)(571 = 1)) < max(2,q—1) < ¢ (it is easy to
show for ¢ = 2,3,5,7, then bound for ¢ > 11), this implies by LTE that q(%1 | x. Since
¢z > n — 2, this means the largest power of ¢ dividing z is at least n — 1 > p — 1, so
p — 1| z. This implies p | y. Furthermore, the exponent of p in (2% — 1)(5* — 1) is at most
p—1l<mnasp>=5sop]|uz.

Therefore, there are no positive integer solutions when n > 4. |

4 Equations in factorial domains

A subset R of the set of real numbers or of the set of complex numbers is called a ring
if 1 € R and if R is closed under addition, subtraction, and multiplication, i.e., for any
x,y € R we have x +vy, v —y, -y € R. Trivial examples of rings: Z, Q, R, C. For a
complex number «, denote by Z[a] the minimal ring containing «. The ring Z[i] is called
the Gaussian ring and has a short description:

Z[i)| ={a+bi|a,be Z}.

Problem 4.1. Prove this and similarly describe the rings
ZIV2), ZIV3, V3], Z[V2), Zlw), Zir), where w i— ¢33 — (1 + iv/3)/2.

(You may use without proof the transcendence of 7.)

Solution. Answers:
ZIV2 ={a+0V2|a,bcZ}, Z[V2,V3]={a+bV2+cV34+dV6|a,b,cdeZ},
ZIV2]) = {a+bV2+ V4| a,bc € Z}, Zw]={a+bw]|abeZ}
Zlx] = {P(n) | P € Z[x]}.

Proof sketch: In each equality, the set on the right-hand side is contained in the left-hand
side by the closure property of a ring. At the same time, in each equality the left-hand set
is contained in the right-hand one, since the right-hand set is a ring. |
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Definition. We say that a number a € R is divisible by a nonzero number b € R in the
ring R if there exists a number ¢ € R such that a = bq.

For example, the real number 14 /2 is divisible by the real number 3 +2+/2 in the ring
Z[\V?2], since 1 +v2 = (34 2v2)(v2 - 1).

It turns out that for some rings an analogue of the Fundamental Theorem of Arithmetic
(FTA) holds. In order to state this assertion, we need to define analogues of “units” and
“prime” numbers in an arbitrary ring.

Definition. A wunit or invertible number in a ring R is a number that divides in R every
number of the ring R.

In the ring Z the units are the numbers 1. However, in other rings the list of units can

be larger. For example, the number 3 4 2v/2 is a unit in Z[v/2].

Problem 4.2. Describe all units in the rings Z[i] and Z[v/D], where D is a positive integer
and is not a perfect square.

Solution. Answer: for Z[i] — 41, 44, for Z[v/D] — the solutions of the equation a>—Db? = +1.
Proof sketch for Z[i]: A number z = a-+bi is a unit of the ring Z[7] if and only if 1/z € Z][i].
By the equality

o a— bi a0 ;
a+bi  (a+bi)(a—0bi) a>+b> a4 b

1
z

this is equivalent to a and b being divisible by a? + b%. This is equivalent to a® + b* = 1,
whence z = +1, +.

Proof sketch for Z[v/D]: A number z = a + bv/D is a unit of the ring Z[v/D] if and only
if 1/2 € Z[v/D]. By the equality

1 1 —bvD
a b\/_ a b \/5

2 atb/D (atbv/D)(a—by/D) a DB  a®— DiP

this is equivalent to @ and b being divisible by a?> — Db?. In the next paragraph we prove
that this is equivalent to a? — Db? = +1.

Since a and b are divisible by n = a? — Db?, it follows that a? and b* are divisible by n?,
whence n is divisible by n?, which is possible only when n = +1. |

Definition. A non-invertible number is called urreducible in the ring R if in every represen-
tation of this number as a product of two numbers from R, one of the factors is a unit of
this ring.

Problem 4.3. Determine whether the following Gaussian numbers are irreducible. If not,
decompose them into a product of irreducible numbers:

(a) 2,3,5,7,11,13;  (b) 1+4, 3+2, 2+3i: (c) 1+3i, 3+4i, 5+7i.
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Solution. Answer: 2 = (1 +4)(1 —4), 5 = (2+4+19)(2 — 1), 13 = (2 + 3i)(2 — 3i0),

1+3i=1+0)2+1), 3+4i = (2+14)% 5+7i = (1 +1)(6 +i); the rest numbers

are irreducible.

Lemma 1. If the norm N(a+ bi) = a* 4 b? of a Gaussian number z = a + bi equals a prime

number p then z is irreducible.

Proof: take an arbitrary factorization z = xy. By multiplicativity of the norm,

p = N(z) = N(zy) = N(x)N(y). Since p is prime, without loss of generality N(z) = 1.

Hence x is a unit. ]

Lemma 2. Let p be a prime of the form 4k + 3; then it is irreducible in Z][].

Proof sketch: take an arbitrary factorization p = xy. By multiplicativity of the norm,

p> = N(p) = N(zy) = N(x)N(y). Suppose that neither x nor y is a unit. Then

N(x) = N(y) = p. Then p is representable as a sum of two squares. But every square

gives remainder 0 or 1 upon division by 4, so the sum of two squares cannot be congruent

to 3 modulo 4. Contradiction. ]

Proof of irreducibility: By Lemma 1 the numbers from item b, as well as the numbers 1 — 1,

2+1,2—1,2—31, 641, are irreducible. By Lemma 2 the numbers 3,7, 11 are irreducible.
|

Problem 4.4. Find all irreducible Gaussian numbers.

Solution. We prove that a Gaussian number z is irreducible if and only if its norm is a
prime number, or it is itself a prime of the form 4k + 3.

From right to left this assertion is proved in the solution of Problem 4.3. We prove it
from left to right.

Let the norm a? + b? of an irreducible number z = a + bi be divisible by a prime p of
the form 4k + 3. Then a® +b*> = 0 (mod p). If b = 0, then a is divisible by p and z is itself
a prime. Otherwise b # 0, so b is invertible modulo p and (ab™!)? = —1 (mod p). Hence
—1 is a quadratic residue modulo p, which does not happen for primes of this form.

Let the norm of z be composite and divisible by a prime p representable as a sum of two
squares: p = 2 4 y2. By Fermat’s theorem on sums of two squares, such a representation
exists for 2 and for any prime of the form 4k+1. We have a®> = —b* (mod p) and 2% = —y/?
(mod p), whence a’z* = b*y* (mod p) and (ax+by)(ax—by) = 0 (mod p). Consider cases.

First: if ax + by is divisible by p, then

0=ar+by = ax’ + byr = a(—y*) + byz = bz —ay (mod p)

and

b bx —
a—H)i:(ac—l—yi)(angL y—i— * ayz)’
D Y%

where both factors are non-units. Contradiction.
Second: if ax — by is divisible by p, then

0 = ar — by = azxy + b(—y*) = axy + br* = ay + br (mod p)
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and

a+bi = (x —yi) (ax—by_'_ba:—kayi)’
p p

where both factors are non-units. Contradiction. [ |

Definition. We call two nonzero numbers in a ring associated if their ratio is a unit of this
ring. A complete factorization of a nonzero non-invertible number x € R is a representation
of the form

T=DP1"---Pm,
where p1, ..., pn are irreducible numbers in R. Two complete factorizations
X=pPr:---Pm=—4q ... (g

are called equivalent if m = k and there exists a bijection
m:{l,...,m}—{1,..., k}

such that p; and ¢,(; are associated for each e =1,...,m.
Finally, a ring is called factorial if every nonzero non-invertible number in this ring has
a complete factorization, and any two of its complete factorizations are equivalent. For
example, the ring 7Z is factorial — this is precisely the fundamental theorem of arithmetic.
Theorem. The Gaussian ring Z[i], as well as the rings Z[iv/2] and Z[w], are factorial.
Section 6 is devoted to the proof of this theorem. In the following problems of this
section, as well as in the problems of Section 5, you may use this theorem without proof.

Problem 4.5. Find a ring in which for some number
(a) there is no complete factorization;
(b) there exist two complete non-equivalent factorizations.

Solution. (a) Let m, = %/m and consider
R =Zlr, a7, V7, .] = Zm).
n=1

Lemma 1. If x is transcendental, then /x is also transcendental.

Since 7 is transcendental, repeated application of Lemma 1 gives the transcendence of
the numbers 7,, for each n.

Lemma 2. The number 7 is not invertible in R.

Proof of Lemma 2. Assume the contrary; let 1/m € R. Then there exists n such that
1/m € Z|m,] and 7 = 72", Take P € Z[t] such that 1/7 = P(m,). Then 72" P(m,) — 1 =0,
which contradicts the transcendence of m,,. ]

Suppose that the non-invertible 7 has a complete factorization in R, i.e.,

T=P1" .. Pm

for some irreducible py, ..., p, € R. There exists n such that py,...,pn € Z[m,].
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Lemma 3. Let x be transcendental, let £ > 0 be an integer, and suppose that

2" = P(2)Q(x),
where P, () € Z[t] are polynomials with integer coefficients. Then there exist a,b > 0 with
a+b=k, and ¢ = £1, such that P(x) = ex® and Q(r) = ex’.

Applying Lemma 3 with # = m, and k = 2", we obtain that p; = &;7%, where ¢; = %1
and k; > 0 for each i = 1,...,m. But for any k, the number 7* is not irreducible in R,
because m, = T2, ;.

Proof of Lemma 1. Assume the contrary; let \/x be algebraic. Then there exists P € Z[t]
such that P(y/x) = 0. Consider Q(t) = P(t)P(—t) € Z][t]. The polynomial @ is even, so
there exists R € Z[t] such that Q(t) = R(t?). Then R(z) = Q(y/x) = 0. Contradiction. []

Proof of Lemma 3. Since x is transcendental, for a number of the form P(z), where
P € Z[t], the maximal and minimal degrees of monomials of the polynomial P are well-
defined, denoted by deg(P) and mindeg(P), respectively. Apply the trivial inequality
deg(P) > mindeg(P) to the equality from the condition of Lemma 3:

k = deg(PQ) = deg(P) + deg(Q)) > mindeg(P) + mindeg(Q)) = mindeg(PQ) = k.

Hence deg(P) = mindeg(P) and deg()) = mindeg(Q)). Therefore P and ) are monomials.
]
(b) In the ring Z[iv/5] we have 6 = 2-3 = (1 +iv/5)(1 — iv/5). We show that these
factors are pairwise non-associated and irreducible.
Similarly to the solution of Problem 4.2, the only units of Z[i1/5] are 1. Consequently,
the factors are pairwise non-associated.
If these factors had a nontrivial divisor, then the norm of this divisor would be a non-
trivial divisor of the norms of these factors. The norms of these factors belong to the set
{2%) 2.3, 3%}, i.e., the norm of a nontrivial divisor would be either 2 or 3. But the equations

a’® + 5b> = 2 and a? + 5b®> = 3 have no solutions in integers. Therefore these factors are
irreducible in Z[i/5). |

The greatest common divisor ged(a,b) of elements a and b, not both zero, in a ring R
is any number d € R such that:

(i) d is a common divisor of a and b, and

(ii) if ¢ is a common divisor of a and b, then ¢ is also a divisor of d.

The existence of ged(a, b) in an arbitrary ring is not guaranteed, but it exists for factorial
rings (think about why). The numbers a and b are called coprime if every gcd(a,b) is a
unit in R.

Problem 4.6. (a) Find a greatest common divisor of the numbers 4 + ¢ and 3 + 4.
(b) For which integers z,t are the Gaussian numbers 2 and z + t7 coprime?

Solution. (a) The numbers 4 + ¢ and 3 + 44 are coprime, since their norms are coprime.
(b) Let 7, and 7; be the remainders of z and ¢ upon division by 2, respectively. Then

d=(2,z+ti) = (2,7, + ). Since r,, 1 € {0, 1}, by quickly checking cases we obtain that

d is a unit only when r, # r; (mod 2). H
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Problem 4.7. Let x and y be relatively prime numbers in a factorial ring R, such that
xy = 2" for some z € R and an integer n > 2. Prove that x = w;v] and y = u9v§ for some
v1, V9 € R and some invertible numbers uy, uy € R.

Solution. For an irreducible p € R, introduce v,(r) as the largest power of p that divides
r € R. This function is well defined since the ring R is factorial. Then, for any irreducible
p dividing x, we have
1)
up(z) = vplzy) = vy(2") = nup(2),
where equality (1) is true since z,y are relatively prime. Therefore, any irreducible number

occurs in x to a power that is a multiple of n, that is, = uyv{. Similarly, y = ugvy. W

The developed theory allows us to solve equations with variables in an arbitrary factorial

ring. In particular, you are now able to solve the following problem.
Problem 4.8. Prove using the Theorem that all integer solutions to the equation 22 +1y? = 22
(Pythagorean triples), up to signs and permutation of the variables x and y, are described

by the formulas:
r=k(m*—n?), y=k02mn), z=k(m*+n?),

where k, m,n are integer.

Solution. Without loss of generality, we may assume that z,y, z are pairwise coprime in Z.
Looking at the equation modulo 4, we find that x and y must have opposite parity. It is
easy to verify that, in this case, the numbers x 4 yi and x — yi are coprime in Z[i]. Let us
rewrite the equation in the form

(z + yi)(x — yi) = 2°.

By Problem 4.7, there exist a unit € € Z[i| and integers m, n such that

r+yi = e(m + ni)?

from which the parameterization specified in the condition is obtained up to sign and
permutation of variables. |

The problem below is useful for solving equations both in the ring of integers Z and in
an arbitrary factorial ring.

Problem 4.9. Suppose that the ring R is factorial and x,y, z,t € R. Prove that all solutions
to the equation xy = 2t in R are described

T =Uuv, Yy =wr, z2=uw,t=0r,

where u, v, w,r € R.
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Solution. If (z,y, 2,t) = (wv,wr, uw,vr), then xy = uvwr = zt. Conversely, assume that
xy = zt. If x = 0 then zt = 0, this implies that either z = 0 or t = 0. In the first case, take
u=0,v=t,w=y,r =1, while in the second case take u =z, v =0, w=1,r = y.

Now assume that  # 0 and let v = (x, 2). Then z = wv and z = ww with v,w € R
coprime and v # 0. Substituting this into the equation xy = zt, we obtain uvy = uwt, or
vy = wt. Because v and w are coprime, and v is a divisor of wt, the Theorem implies that
v is a divisor of ¢, so we can write ¢ = vr for some r € R. Then vy = w(vr), hence y = wr-.

|
Problem 4.10. Describe all solutions to the equation
r? + y2 =zt
In integers.
Solution. First, we describe solutions for coprime and positive x, vy, z,t. Then
(z + yi)(z — yi) = zt,
and by Problem 4.9
Tr+yi=mn,x—yi=pq, z=mnp, t=mg. (1)

Because np and mq are positive integers, it follows that n = kp and ¢ = Im for some positive
rational numbers k£ and [. On the other hand, N(mn) = N(pq) implies N (kmp) = N (Ipm)
and k = I[.
Let u and v be relatively prime positive integers such that k = . Then
.U .U u uo_
T+yi=—-mp, x—yi=—pm, z=—pp, t=—mm.
v v v v

This means that u | z,y, z,t and thus u = 1. We also have

) v ) v v v
r+yr=-nqg, x—yr=-—qn, z=-nn, = —qq,
U U U U

implying v | x,y, z,t and thus v = 1. Let n = w4+ vi and m = w + ri, where u, v, w,r € Z.
Then (1) yields

r=uw-+ovr, Yy=ur—ow, z:u2—|—112, t = 2%+ w?

It is easy to check that for u,v,w,r not nesessarily positive and coprime the next pa-
rameterization holds

= s(uw +or), y=s(ur—ow), z=su?®+v?), t=sz"+w?.

with integers s, u,v,w,r. |
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Problem 4.11. Prove that all solutions of the equation
P 4r+l=yz
in integers are described by
r=ab+bc+cd, y=-c(a®+ac+c?), z = (b + bd + d°),

where € = £1 and a, b, ¢, d are integers that satisfy ad — bc = 1.

Solution. Rewrite the equation as
(z — w)(z —w?) =yz.

By Problem 4.9 it is true that

T—Ww=uv, T —w =wry=uw, z=r

for some w, v, w,r € Zw]. If u = a — cw?, v = b — dw, then
r—w =ab+bc+ cd — (ad — bc)w,

so ad — bc =1 and x = ab + bc + cd.
Notice that u/w = uw/(ww) = y/(ww) € Q. Hence qu = pw for some coprime p, g in
Z. 1t is easy to see that p,q are also coprime in Z|w]. Since qu is divisible by p, we see by
the Theorem that u = pu’ for some v’ € Z[w]. But then (v —w)/p = v'v € Z|w], therefore
Ip| = 1 and v = e1w, or w = e;u with £; = +1. Analogously r = 5T with g5 = +1.
Further,
y =uw = s1ull = £,(a — cw?)(a — cw) = g1(a® + ac + ).

Analogously z = e5(b? + bd + d?). Tt is left to notice that yz = 22+ 2+ 1> 0,50 e169 = 1
and €1 = e9. [ |

5 On the equations of Lebesgue—-Nagell type

The history of the Lebesgue-Nagell exponential equations 224+C = Ay" began in 1850 when
the French mathematician V. Lebesgue solved the equation with coefficients A = C' =1
for an arbitrary integer number n. In the first half of the 20th century, the Norwegian
researcher T. Nagell significantly developed solution methods for a number of similar equa-
tions, including the famous Ramanujan-Nagell equation z? + 7 = 2". A major theoretical
breakthrough occurred in the 1970s and 1980s, when mathematicians T. Schorey and R.
Tijdeman proved that, for fixed coefficients, the equation has only a finite number of so-
lutions with integers n > 3. A significant result was the work of scientists J. Bugeaud, M.
Mignotte, and S. Siksek, published in 2006. The authors completely solved the equation
2>+ C =qy" for 1 < C < 100.

Currently, the Lebesgue-Nagell equations remain unsolved in their general form. The
main difficulty is that different parameters produce structures with dissimilar properties.
Nevertheless, all the equations presented below can be solved by elementary means.
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Problem 5.1. Solve the equation
241 =y"

for integer n > 2.

Solution. It is easy to see that the case of even n is impossible because two positive perfect
squares can not differ by 1. Therefore we may assume that n = p is an odd prime. Suppose
there exists a positive integer solution of 22 + 1 = y”. If y is even then y?> = 3 (mod 4),
which of course leads to a contradiction. So y is odd and it immediately follows that x has
to be even.

In the ring Z[i] we have y? = 2> + 1 = (z — i)(x + 7). Now there is no prime 7 € Z][i]
such that 7|x — ¢ and 7|x + 4. For suppose there is such a prime, then it has to divide
r+1i— (x—1i)=2i, so 7 divides 2, since 7 is a unit. It follows that 2 divides y, which we
have proven to be impossible. It follows from problem 4.7 that, up to units, x +4 and z —
are both p-th powers in Z[i]. Since p is odd, all units in Z[i] are p-th powers, so there are
a,be€ Zsuchthat x —i = (a+bi)’ and x +i =2 — i = (a — bi)P.

Using Newton’s Binomial Theorem, we can write

v —i=(a+bi) = zp: (77) o (bi)P

=0 N
Taking the imaginary part at both sides, we get

p—1 p—1

2 2
1= (p) q2ipp—2ip=2i-1 _p, <p> o2 pp—2i—1;p=2j-1 (1)
— \ 2j — \2J
7=0 7=0
So b divides —1, which yields b = +1.
Now we know that y? = (a + bi)’(a — bi)’ = (a +i)P(a —1)P = (a®* + 1), so y = a®> + 1
and a is even. It is obvious that a is a nonzero integer, because otherwise y = 0.
Going back to (1), we have

— (P 2j el E% p 2\j
—1=5b J(—=1)72 7 =pH(—1) 2 —a°)’.
_ (Qj)a( ) (1) (2].)( @)

From this we obtain

i: (21;) (—a?) = +1.

=0
Viewing this equality modulo 4, all terms with j > 0 vanish as a is even, so if we take the
sum modulo 4 we get 1. It follows that at the right-hand side we also have 1. Therefore

S (3;)(=a?)! = 0. We find

j=1

p—1

)5 (¢)
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Note that this equation also holds if p = 3, then it says that a? (’2)) = 0, which implies
excluded case a = 0.

pY_ plp—=1) (p=2

2k 2k(2k — 1) \2k —2)’
we obtain for j > 1

Since
o)) () -0 () - ()

We got the inequality

5
+(0) <= (2 @) )
7j=2

which contradicts to (2). |
Problem 5.2. (a) Prove that the equation

2?49 =y
has no solutions for prime ¢ =3 (mod 4).
(b) Prove that the equation

2?49 =y

has no solutions for prime ¢ =1 (mod 4).

Solution. Like in the previous problem we get that y is odd, = is even and number 347z and
3 —ix are coprime in Z[i]. So there are integer a, b such that 3+iz = (a+bi)?,y = a*+ b2
Equating real parts, we have

PR () P S e

Therefore, a|3 and since ¢ (z) for 1 <k < q, weget a? =a =3 (mod ¢q). So, we have either
a=—3,q=3ora=3.In the first case, we get the equality 2> +1 = (y—2)(y*+2y+4). It
is impossible because the right side is divisible by some prime p = 3 (mod 4) while prime
divisors of the left side are only of a form 4n + 1.

So, a = 3 and therefore transposing the terms, we get

-1 _ 1 = <g) 3932 ... ( q 1) (_1)(1%151—1_
q_

Since y = 9 + b? is odd, b must be even. Now, we write

301 _ 1 = p? ((g) 3073 _ ... (q N 1) (—1)qu—3> .
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(a) If ¢ =3 (mod 4), then v(3771 — 1) = 3. But

RHS: q
2 o \2

Therefore, vo(RHS) = v3(b*) = 2v9(b) which is even, contradiction.
(b) If g =1 (mod 4), let ¢ = v3(q — 1), d = va(b). Then, v9(37°! — 1) = ¢+ 2. From the

identity s
q p2k—2 _ q q—2 207
2k 2) \2k—2) (2k —1)(2k)

we infer that vs ((g)) < Uy ((2qk) b2k_2) for £ > 1. Therefore

vy (RHS) = v5(b2) + vs ((g)) =2 +c—1

which has parity different from ¢ + 2, contradiction. |

>3q—3 =1 (mod 2).

The following problem illustrates the powerful effect of combining Stgrmer’s method
with the theory in Section 4.

Problem 5.3. (a) Describe all solutions of Pell-like equation
vt — (@ + 2)y? = -2

for positive integer a.

(b) Prove that for odd a this equation has at most two positive integer solutions (z,y) for
which every prime divisor of y divides a? + 2.

(¢) Solve the equation

x4+ 2=y"

for integer n > 2.

Solution. (a) It follows from solution of Problem 1.13 of the project "Diophantine equations"
(https://t-o-t.org/lktg/2025/1/1-1-diophantine-eng.pdf) that equation
2?—(a®>+2)y* = —2 has no more than one class of solutions. One can easily find that (a, 1) is
a solution. Since (a?41, a) is the fundamental solution of Pell’s equation 22— (a?+2)y? = 1,
we obtain that all positive solutions of the equation

2% — (a® +2)y* = —2

are described by

v/ ~—\t (a++va*+2
T+ Yt a2_|_2:<a_|_ a2_|_2> (a2+1_|_a a2+2> :( -

)2t+1

with nonnegative integer .
(b) First note that y; = 1. Suppose that there is ¢ > 0 such that all prime divisors of y;
divide a® + 2. It follows from the equality

241
2! <:Et—|—yt\/a2—|—2) = (a—l— a2—|—2)


https://t-o-t.org/lktg/2025/1/1-1-diophantine-eng.pdf
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that if prime p = 2u + 1 divides 2t + 1 then y, divides ;. Using the equality

2"y, = (a® + 2)% +... 4 (p ﬁ 3) (a* +2)a" > + pat !,
we get that y, has the only prime factor p. If p > 3 then the right side of the last inequality
p—1 . . .
is more than 2z p and it gives remainder p modulo p?, so vy cannot be a power of p.
We now left with the case p = 3, so 2t + 1 and y; are powers of 3. It follows from the

equality
ys = 16a° + 56a° + 60a* + 204 + 1 = (2a® + 1)((8a® + 24a* + 18a* + 1)

that the only index ¢ > 0 that meets the conditions described above is ¢t = 1.
(c) It is easy to see that the case of even n is impossible because two positive perfect squares
can not differ by 2. Rewrite the equation for odd n

2% — (a* + 2) ((a2 + 2)731> = —2.

It follows from (b) that n = 3 and ((a2 + 2)"51> = 2a? + 1. Hence a = 1 and (5, 2) is the

only solution. |

Problem 5.4. (a) Solve the equation
x*+4=y".

(b) Prove that the equation
2 4=yt

has no solutions for prime ¢ =1 (mod 4).

Solution. (a) Let x be odd. The equation can be written as (2 + ix)(2 — ix) = y>. We will
show that 2+iz and 2—ix are relatively prime in the ring Z[i]. Indeed, let z = (2+iz, 2—ix),
z = c+di. Then z divides (2 +1ix) + (2 —iz) = 4 hence; z | 4. It follows that z-z = ¢® + d?
divides 16. On the other hand, z | 2 + iz implies Z | 2 — 4x; hence ¢ + d* | 4 + 2. But
is odd, so ¢® + d* = 1, implying that z is a unit in Z][4].

Because 2+ iz and 2 —ix are relatively prime, from (2 +iz)(2 —iz) = 3 it follows that
2 +ix = (a + bi)? for some integers a and b. Identifying the real and imaginary parts, we
get a(a® — 3b%) = 2 and 3a?b — b> = z. The first equation gives a = 41 or a = 42, yielding
a positive solution (11, 5).

If x is even, then y is even. Let z = 2u and y = 2v. The equation becomes u? +1 = 203,
ie., (u+i)(u—1i) = 20> Since u is odd, we have ¢ & 1|u & 1. Because (u +i,u — i) = 1
and 2 = (1 +1)(1 — i), we obtain

u+i u—1 3
. f— ’l}
1+1 i—1
Since ;‘T*l’ and % are coprime, it follows from Problem 4.7 that
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u—+i=(1+1i)(a+ bi)?
for some integers a and b.
Identifying the real and imaginary parts, we get

a® —3a’b—3ab® + v =u and a® + 3a%b — 3ab® — b = 1.

The last relation can be written as

(a —b)(a® + 4ab + V*) =
yielding the systems

a—b= 1, a—b= ,
and
a? + 4ab+ b* =1, a® + 4ab + b* = —
The second system has no solutions. Indeed, one can observe that

a® + 4ab +b* = (a +2b)* — 36 = 0,1 (mod 3).

The first system has integer solutions (a,b) = (1,0) and (a, b) = (0, —1), yielding a positive
solution (2,2) to the original equation.
Answer: (2,2), (11,5).
(b) If x is even, say x = 2u, then y is even, y = 2v. The equatlon becomes u? 41 = 2
It has no solutions as ¢ — 2 > 2 and 4 does not divide u? + 1.

If  is odd then numbers x + 2¢ and & — 2i are coprime in Z[i|. By Problem 4.7

q22

r + 20 = (a + bi)?, for some integers a and b having different parities. Identifying the
real and imaginary parts, we obtain

(¢=1)/2
9 — Z ( q )(aQ)(q—l)/2—rb2r+1(_1)r. (1)

= 2r+1
Considering it modulo ¢, we get
2 = B1(—1)T/2 = b(~1)0D/2 (mod ),
SO
b=2(—1)"1/2

as b|2. Inserting this expression for b in (1), we obtain

r=0
[t is given that ¢ = 1 (mod 4), suppose 15(q¢ — 1) = s > 2. Now, equation (2) may be

written
(q—1)/2

1—q+ Q(l . ( q 1) /2 Z (27,, N 1> )(Q*l)/2*7"(_4)r. (3)

r=1
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Every general term in the right-hand side of this equation has the following shape
q(q _ 1) q—2 2\(qg—1)/2—r r
—_ —4)".
2r(2r + 1) <2r _q)l@) (=4)
Since 22" > 2r for any positive integer 7, we conclude that every such term is divisible by
2571 As 1y ((1 — (a®) 9 D/2) = 1y(1 — a®) + 1u(qg — 1) — 1 < s+ 1 by LTE, we have that the
left-hand side is divisible by 2* but not divisible by 2°*!, which is a contradiction. |

Problem 5.5. Let (x,y) be a solution of the equation 2% + 4 = y? for prime ¢ = 3 (mod 4)
and ¢ > 3. Prove that (a) ¢ =3 (mod 8); (b) y — 8 divides y'= + 1;
(¢) the equation 2 +4 = 57 has no solutions; (d) the equation #2+4 = y¢ has no solutions.

Solution. (a) As in solution of Problem 5.4b we get
(¢-1)/2 q
_1)e=1/2 _ 2\(g=1)/2=r( _ 4\ 1
() S (o 0) @ (1
Treating (1) as a congruence modulo 8, we get
—1=¢+4 (mod 8),
so ¢ =3 (mod 8).
(b) Putting v = a + 2i,v = a — 2i it follows from x + 2i = (a + bi)? with
h— 2(_1)((1*1)/2 — _9

that
ud —

= 1.
u—uv

The following identity is easily verified

~1)/2 ~1)/2
w02 — ol . (u(fJ+1)/2 + U(q+1)/2) — _(uv)(qfl)/2 + .
L U—v
Since ¢ = 8t + 3 it may be written
S B

ul — ol

. (u4t—|—2 + U4t+2) _ _y4t+1 —1 (2)

u—v
The second factor on the left-hand side of (2) is divisible by (u? 4+ v?)/2 =y — 8, q.e.d
(c) We have a = 1. Suppose v5(q — 3) =t > 3. Then it follows from (1) that

—1=q- 4<q z 3> (mod 2'%%),
hence ¢ = 3 (mod 21), a contradiction.
(d) Suppose now a > 1, then a®> —4 > 0. Since y — 8 = a®* — 4 =5 (mod 8), this number

contains at least one prime factor p =7 (mod 8) or p =5 (mod 8).
It follows from (b) that (—y)*™ =1 (mod p), so

-(3)-()-(3)-(2)

i.e. p=1 (mod 8) or p=3 (mod 8) that contradicts to the choice of p. H
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6 Back to the proof of FTA

A ring R is called Euclidean if there exists a function f : R\ {0} — Z>( such that

(i) f(a) < f(ab) for all nonzero a,b € R, and

(ii) if a,b € R and b # 0, then there exist ¢ and r in R such that a = bg + r and either
r=0or f(r) < f(b).

The function f in this case is called a Fuclidean norm.

For example, the set of integers is a Euclidean ring with Euclidean norm f(a) = |a|, where
r is the remainder of the division of a by b. Intuitively, a Euclidean ring is a ring in which
one can perform “division with remainder”.

Problem 6.1. Consider the mapping N(a + bi) = a® + b?. Prove that it is
(a) multiplicative, that is, N(zw) = N(z)N(w) for any complex numbers z, w;
(b) a Euclidean norm in the Gaussian ring, that is, the ring Z[i] is Euclidean.

Solution. (a) Let z = a + bi and w = ¢ + di. The multiplicativity of the norm is proved by
direct verification:
(a® + b*)(* + d*) = (ac — bd)* + (ad + cb)*.

(b) Take nonzero Gaussian numbers a,b. We prove property (i): since b # 0, we have
N(b) > 1, and hence N(ab) = N(a)N(b) > N(a), where the equality holds by part (a).

For the proof of (ii), write the complex number a/b in the form u + v for some rational
numbers u, v. Choose integers x and y closest to u and v, respectively, that is, ju—z| < 1/2
and |v — y| < 1/2. Then ¢ = = + iy and r = a — bq are Gaussian. Moreover,

N(r) = N(a—bg) = N(0)N(a/b—q) = N(b)N((u—x) + (v — y)i)
(0)((u =)’ + (v —y)*) < NO)((1/2)° + (1/2)%)

()/2 < N(b).

N
N

|
Next, we will show that many properties of integers that we used for solving equations

carry over naturally to Euclidean rings with essentially the same proof.

Problem 6.2. Let R be a Euclidean ring, and let a,b € R not both be zero. Prove that
there exist z,y € R such that ax + by is a greatest common divisor of a and b.

Solution. Denote
S={ax+by|z,ye R}

Choose an arbitrary Euclidean norm f and a nonzero d € S with the smallest value of
f(d). Then d = axy+ byg. Divide a by d with remainder: take ¢, € R such that a = gd+7r
and either r = 0 or f(r) < f(d). However,

r=a—qd=a—q(axy+ byo) = a(l — qxo) + b(—qyo) € S.
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If r # 0, then f(r) < f(d), which contradicts the choice of d. Hence, r = 0, and d divides
a. Similarly, d divides b. Therefore, d is a common divisor of a and b. Now, if ¢ is any other
common divisor of a and b, then ¢ divides axg + byy = d. Thus, d is a greatest common
divisor of a and b. |

As a consequence of the previous problem, a and b are coprime if and only if there exist
x,y € R such that
ar + by = 1.

Problem 6.3. Let R be a Euclidean ring, and let a, b, c € R. Prove that:
(a) if a # 0, a and b are coprime, and bc is divisible by a, then ¢ is divisible by a;
(b) if a and ¢ are coprime, and also b and ¢ are coprime, then ab and ¢ are coprime.

Solution. (a) By Problem 6.2 there exist xg, 3y € R such that azg + byy = 1. Then
c = clazxg+ byo) = (a)cxo+ (be)yo=0+0=0 (mod a).

(b) By Problem 6.2 there exist x1, y1, X2, yo € R such that ax1+cy; = 1 and bxo+cy, = 1.
Then

1 = (axy + cy1)(bxg + cy2) = ab(x129) + c(ax1ys + by + cyiyo).
Consequently, ab and ¢ are coprime by Problem 6.2. |

Problem 6.4. Let R be a Euclidean ring, aq,...,a, € R, and let an irreducible p € R divide
the product [[_,; a;. Prove that p divides a; for some i.

Solution. We prove the assertion by induction on n. The base case n = 1 is trivial. Let
n>1and b =[], a;. If a1 and p are coprime, then by Problem 6.3(a), p divides b. Then
by the induction hypothesis, p divides a; for some 2 < 7 < n. If a; and p are not coprime,
then d = ged (aq,p) for some non-invertible d € R. Then p = du and a; = dv for some
u,v € R. Since p is irreducible and d is non-invertible, u is invertible, and p divides a;. W

Next we establish some useful properties of Euclidean norms.

Problem 6.5. Let R be a Fuclidean ring, and let f be any Euclidean norm. Prove that:
(a) f(ab) = f(a) for any nonzero a € R and any unit b € R;

(b) f(ab) > f(a) for any nonzero a € R and any nonzero non-invertible b € R;

(c) f(a) = f(1) for any nonzero a € R, and equality holds if and only if a is a unit in R.

Solution. (a) Let ¢ be the inverse of b. Then by property (i) of a Euclidean norm we have

fla) < flab) < f((ab)e) = f(a(be)) = f(a).

(b) Suppose the contrary, that f(ab) = f(a) for some a # 0 and non-invertible b. Divide
a by ab with remainder: take ¢,r € R such that a = (ab)q + r. Then r = a(1 — bq). Since
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b is non-invertible, 1 — bq # 0. Hence r # 0. From the following inequality we arrive at a
contradiction:

fa) = f(ab) > f(r) = f(a(l —bq)) = f(a).
(c) If a is invertible, then by part (a) we have f(a) = f(a-1) = f(1). Otherwise, by
part (b) we have f(a) = f(a-1) > f(1). |

Now we are ready to prove the Fundamental Theorem of Arithmetic for Euclidean rings.

Problem 6.6. Prove that every Euclidean ring R is factorial, i.e.
(a) every nonzero non-invertible number in R has a complete factorization in R;
(b) any two complete factorizations of a number in R are equivalent.

Solution. Take a Euclidean norm f in R.

(a) Suppose the contrary; take a nonzero non-invertible number x € R of minimal norm
that does not have a complete factorization. If x is irreducible, then x itself is its own
complete factorization. Contradiction. Otherwise there are non-invertible y and z such that
xr = yz. By Problem 6.5(b) we have f(x) > f(y) and f(z) > f(2). Then y and z have
complete factorizations by the minimality of the choice, and the product of their complete
factorizations will be a complete factorization of x. Contradiction.

(b) We prove the equivalence of any two complete factorizations by induction on the
number m of factors in the first factorization.

Base of induction: m = 1. Let x = p; = ¢q1 ... qx. Since p; is irreducible, £ must equal
1 (otherwise p; decomposes into a product of non-invertible elements). Hence x = p; = ¢,
and the factorizations are trivially equivalent.

Inductive step: assume that the statement is true for all factorizations whose first fac-
torization has length less than m. Let two complete factorizations be given:

T=pP1 - Pm=0q1" " Q-

By Problem 6.4 with p = p1, n = k and a; = ¢;, we have that for some ¢ the number p;
divides ¢;. Since both p; and ¢; are irreducible, they are associated: ¢; = up; for some unit
u of the ring R. Without loss of generality, we may assume that i = 1 (otherwise we need
to take the composition of the transposition (1¢) with the bijection 7 constructed below).

Substitute this into the original equality and cancel py:

r/pr=p2- . Pm= (UG2) @ G

Thus we have obtained two complete factorizations of z/p;, and the first factorization
consists of m — 1 factors.

By the induction hypothesis, these factorizations are equivalent: m—1 = k—1 = m =k,
and there exists a bijection 7' : {2,...,m} — {2,...,k} such that p; is associated with
the corresponding factor of the second factorization.

Extend the bijection 7’ to a bijection 7 : {1,...,m} — {1,...,k} by setting 7(1) = 1
and 7(j) = 7'(j) for j > 2. We obtain the desired equivalence. |
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Problem 6.7. Prove that the following rings are Euclidean: (a) Z[iv/2];  (b) Z[w].

Solution. (a) We prove that the function N(z) = a® + 2b? for x = a + biv/2 € Z[iv/2] is a
Euclidean norm of the ring Z[iv/2].
Proof of property (i): for nonzero x,y € Z[i\/2] we have

N(zy) = N(z)N(y) = N(x),

since N is multiplicative and N(y) > 1 (because y # 0).
For the proof of (ii), write the complex number a/b in the form u + viv/2 for some

rational numbers u,v. Choose integers x and y closest to v and v, respectively, that is,
lu — x| < 1/2 and |v — y| < 1/2. Then ¢ = x + yiv/2 and r = a — bg belong to Z[iv/2].
Moreover,

N(r) = N(a - bg) = N({)N(a/b - g) = NN ((u— ) + (v — y)iv2)

= N()((u—2)* +2(v — y)*) < N(B)((1/2)* +1/2)
= 3N (b)/4 < N(b).

(b) We prove that the function N(z) = a? —ab+b* for x = a+bw € Z[w] is a Euclidean
norm of the ring Z[w].
Proof of property (i): for nonzero x,y € Z[w] we have

N(zy) = N(z)N(y) = N(x),

since N is multiplicative and N(y) > 1 (because y # 0).

For the proof of (ii), write the complex number a/b in the form u+ vw for some rational
numbers u, v. Choose integers x and y closest to u and v, respectively, that is, [u—z| < 1/2
and |v —y| < 1/2. Then ¢ = z + yw and r = a — bq belong to Z|w]. Moreover,

N(r) = N(a—bg) = N(b)N(a/b—q) = N(O)N((u — z) + (v — y)w)
NO)((u—2)* = (u=2)(v —y) + (v —y)*) < NO)((1/2)" + (1/2)° + (1/2)%)

3N(b)/4 < N(b).
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