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1 Introduction

In this text we expose (as a sequence of problems) basic cases of some fundamental ideas
and methods of mathematics. (Namely, of homotopy, degree, fundamental group, covering,
Whitehead invariant, etc.) This is done by considering the elementary example: closed
polygonal lines in a subset of the plane. Although these ideas and methods are parts of
topology, they are used in many other areas including computer science [DDM+]. The are
both simple (1.1), and complicated (1.7) problems.

An oriented cyclic sequence is an ordered set up to a cyclic shift. A closed oriented
polygonal line is an oriented cyclic sequence of points in the plane (the points need not be
distinct). Below, the word ‘oriented’ is omitted.1

Let N be a subset of the plane. Informally speaking, two closed polygonal lines in N are
said to be homotopic, if one can be transformed to the other by a ‘continuous deformation’ in

∗E. Alkin, A. Skopenkov: Moscow Institute of Physics and Technology. O. Nikitenko: Altay Technical
University (Barnaul). Yu. Khromin: Physical and Mathematical School №146 (Perm). A. Skopenkov:
Independent University of Moscow, https://users.mccme.ru/skopenko. We are grateful A. Miroshnikov
for useful discussions and preparation of some figures.

1Thus, a polygonal line (defined here) is not a subset of the plane. Still, we sometimes work with a closed
polygonal line A1 . . . Am as with the union of segments AiAi+1, e.g. we write ‘a polygonal line, not passing
through a point’.
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Figure 1.1: An elementary cancellation

N . Let us give a rigorous definition. An elementary cancellation in N of a closed polygonal
line in N is the removal of a vertex B such that for vertices A,C (that need not be distinct)
adjacent to B the convex hull of vertices A,B,C is contained in N (see Figure 1.1). A
(piecewise linear) homotopy in N is a finite sequence of closed polygonal lines in which
for any two consecutive polygonal lines one is obtained from the other by an elementary
cancellation in N . Two closed polygonal lines are said to be (piecewise linearly) homotopic
in N , if there exists a homotopy in N , whose first and last polygonal lines coincide with the
given ones.

Below, when we write about a closed polygonal line in some subset of the plane, we
consider the property of being homotopic (and elementary cancellations) in this very subset.

Problem 1.1. (b) Any two one-point closed polygonal lines in the plane minus a point
are homotopic.

Proof. Assume that points A and B are given. Take a point C that does not lie on any
of the lines connecting A and B with the deleted point. Then A,AC,C,CB,B is a sequence
of elementary homotopic closed polygonal lines.

The problem of classifying closed polygonal lines in the plane up to homotopy is trivial.

Problem 1.1. (a) Any two closed polygonal lines in the plane are homotopic.

O

Figure 1.2: Two closed polygonal lines in the plane minus a point O

Problem 1.2. There are non-homotopic closed polygonal lines in the plane minus a point
.

See, e.g.,Figure 1.2. Try to invent invariants that distinguish the closed polygonal lines
of Problems 1.2–1.5, 1.7 (in particular, in Figures 1.2–1.6). The definition of the invariants,
and their properties form the theory presented in §§3–7. This theory is also required for
Theorem 1.6.

Problem 1.3. The four closed polygonal lines in Figure 1.3 are pairwise not homotopic
in the plane minus two points.

Problem 1.4 (the Poincaré paradox). (a) How can you hang a closed rope (with a
heavy medal) around the two nails (driven into a flat wall) so that the rope does not fall,
but removing either nail causes the rope to fall?

More rigorously, give an example of two points P,Q and a closed polygonal line in R2 −
P −Q, that is homotopic to a one-point closed polygonal line in R2−P , and in R2−Q, but
not in R2 − P −Q.

(b) The same problem for three nails.
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Figure 1.3: The four closed polygonal lines in the plane minus two points P,Q

P Q

Figure 1.4: To Problem 1.4.a: a closed polygonal line in the plane minus two points P,Q

These examples (and the example in 1.7.a) can be given without proof of their properties.
For visualization, see [Zi10], [DDM+].

Problem 1.5. * The closed polygonal lines in Figure 1.6 are not homotopic in the plane
minus three points.

By studying this text, the reader will learn useful and important ideas and methods. They
are useful and important, because they give the following bright result, whose statement is
accessible to a non-specialist (and many other results, see textbooks on topology, e.g. [Sk20]).

Theorem 1.6. For any n, there is an algorithm recognizing homotopy of closed polygonal
lines in the plane minus n points.

This is an endpoint of the main results on homotopy classification in the plane minus n
points (starting from n = 1, 2, see Propositions 4.2, 7.6, and Assertion 7.8.a).

Figure 1.5: Removing either nail causes the rope to fall
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Figure 1.6: Two closed polygonal line in the plane minus three points

By solving the problems, you will see how homotopy classification is related to combina-
torics of words. A group structure will naturally appear, although on a slightly different set
of based closed polygonal lines up to based homotopy. This illuminates the relation of the ex-
posed classification to combinatorial group theory. Due to this relation, topological methods
can be used in group theory. This is the starting point of geometric group theory [GG].

Figure 1.7: Unlinked and linked rings

Problem 1.7 (Riddle). * In 3-space there are two
(a) unlinked; (b) linked
rings as in Figure 1.7. Can you wind and close a rope so that the closed rope cannot be

pulled far away from the two rings, but can be pulled far away from one ring after cutting
the other ring?

2 On the style of this text

In this text we expose a theory as a sequence of problems, see e.g. [HC19], [Sk21m, Intro-
duction, Learning by doing problems] and the references therein. Most problems are useful
theoretical facts. So this text could in principle be read even without solving problems or
looking to §9. If a mathematical statement is formulated as a problem, then the objective
is to prove this statement. Open-ended questions are called riddles; here one must come
up with a clear wording, and a proof. If a problem is named ‘theorem’ (‘lemma’, ‘corollary’,
etc.), then this statement is considered to be more important. Usually we formulate beauti-
ful or important statement before giving a sequence of results (lemmas, Propositions, etc.)
which constitute its proof. We give hints on that after the statements but we do not want to
deprive you of the pleasure of finding the right moment when you finally are ready to prove
the statement. In general, if you are stuck on a certain problem, try looking at the next
ones; they may turn out to be helpful. Problems marked by star and Remarks are not used
in the sequel; although they are not necessarily complicated, they can be omitted during
the first round of problem solving. Important definitions are highlighted in bold for easy
navigation.
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3 Winding number: definition and discussion

In this text, all points and polygonal lines are considered in the plane.
Let O,A,B be points such that A ̸= O and B ̸= O (but possibly A = B). The oriented

(a.k.a. directed) angle ∠AOB is the number t ∈ (−π, π] such that the vector
−−→
OB is codirected

to the vector obtained from
−→
OA by the rotation through t. (If you can treat vectors in the

plane as complex numbers, then you can rewrite this condition as
−−→
OB ⇈ eit

−→
OA.) Below,

oriented angles are considered and the word ‘oriented’ is omitted.
When solving problems, the following statement (close to axioms) can be used without

proof: For any points A,B,C in the plane and a point O not lying on the union of segments
AB,BC,CA

• ∠OAB + ∠OBC + ∠OCA = ±2π, if O lies in the convex hull of points,
• ∠OAB + ∠OBC + ∠OCA = 0, otherwise.
Let l := A1 . . . Am be a closed polygonal line not passing through O. The winding

number w(l, O) of l around O is said to be the number of revolutions during the rotation of
the vector whose origin is O, and whose endpoint goes along the polygonal line in a positive
direction. Rigorously,

2π · w(l, O) := ∠A1OA2 + ∠A2OA3 + . . .+ ∠Am−1OAm + ∠AmOA1.

A

B C

O

A

C

B D

O

Figure 3.1: w(ABC,O) = +1 and w(ABCD,O) = 0

E.g. in Figure 3.1 w(ABC,O) =
1

2π
(∠AOB + ∠BOC + ∠COA) = +1 and

2π · w(ABCD,O) = ∠AOB + ∠BOC + ∠COD + ∠DOA = ∠BOD + ∠DOB = 0.

Problem 3.1. (a) LetABC be a regular triangle andO its center. Find w(ABCABC,O).
(b) Give an example of a closed polygonal line l in the plane such that w(l, O) = 0 for

any point O ∈ R2 − l.

The result of Problem 3.1.a shows that winding numbers for distinct polygonal lines with
the same union of their segments can be distinct.

Proposition 3.2. The winding number of
(a) the outline of any convex polygon;
(b) any closed polygonal line without self-intersections
around any point in its exterior (respectively interior) is 0 (respectively ±1). See Fig-

ure 3.2.

You need not prove item (b); depending on the exposition, item (b) is either a corollary
of the Jordan Curve Theorem [Sk20, §1.4], or a lemma in its proof.
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Figure 3.2: The winding numbers equal 0, +1, −1, +2

Problem 3.3. For any integer n and any point O there is a closed polygonal line whose
winding number around O is n.

Proposition 3.4. The winding number w(A1 . . . Am, O) is an integer.

Hint: by the bullet point properties at the beginning of this section,

∠Am−1OAm + ∠AmOA1 ≡ ∠Am−1OA1 mod 2π.

See some hints and solutions in [ABM+r, §1], [ABM+e, §1, §8]. For more on wind-
ing number and related notions see [ABM+e], or [ABM+r] (in English) and the references
therein.

4 Homotopy classification in the plane minus a point

In this section, closed polygonal lines and their homotopy are considered in the plane minus
a point O.

Problem 4.1. (a) Closed polygonal lines with distinct winding numbers around O are
not homotopic.

(b) A closed polygonal line l is homotopic to a one-point polygonal line if and only if
w(l, O) = 0.

(c) Let us take the outline ∂∆ of a triangle ∆ such that a point O is inside the triangle.
Any closed polygonal line is homotopic to |w(l, O)|-times bypass of the outline of ∂∆, the
bypass made

• counterclockwise if w(l, O) ≥ 0,
• clockwise if w(l, O) ≤ 0.
(Then closed polygonal lines with the same winding numbers around O are homotopic.)

Proposition 4.2. The following map between the set of homotopy classes of closed polygonal
lines in the plane minus a point, and the set of integers is a 1–1 correspondence. The
mapping transforms a closed polygonal line (more precisely, its homotopy class) into its
winding number round a point.

(Proposition 4.2 is proved in Problems 3.3 and 4.1.)

A ray in the plane is said to be in general position w.r.t. a polygonal line l if the ray does
not pass through the vertices of l.

Problem 4.3. * Take a closed polygonal line l, and a ray OP in general position w.r.t. l.
(a) Is it true that the number of intersection points of l and OP has the same parity as

w(l, O)?
(b) The number of segments of l that intersect OP has the same parity as w(l, O).
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It is useful to understand that the ‘2-dimensional’ Proposition 4.2 is in essence ‘1-
dimensional’.

Figure 4.1: An elementary cancellation of a traversal

Problem 4.4. * Let us call a traversal an oriented cyclic sequence of points lying on
a (fixed) circle such that no two points from the sequence are diametrically opposite. An
elementary cancellation of a traversal is the removal of a point B such that for points A,C
(which need not be distinct) adjacent to B the convex hull of points A,B,C does not contain
the center of the circle (see Figure 4.1). Two traversals are said to be homotopic, if there
is a sequence of traversals, in which one of any two consecutive traversals can be obtained
from the other by an elementary cancellation.

(a) A traversal l is homotopic to a one-point traversal if and only if w(l, O) = 0 for the
center O of the circle.

(b) (Riddle) Describe traversals up to homotopy.

5 ‘Resolution’ of the Poincaré paradox

Obviously, the winding numbers of the example to Problem 1.4.a given in the presentation,
around P , and around Q are zeros. Being not homotopic in Problem 1.4.a follows from
Problem 5.3 (or Problem 6.3). The idea is to use one of the following homotopy invariants.

Figure 5.1: Poincaré cyclic word modulo 2: abab (left), abaabb (right)

In §§5–7
• l is a closed polygonal line in the plane minus the points P,Q;
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• PP ′ and QQ′ are disjoint rays PP ′ and QQ′ in general position w.r.t. l.
Moving along l write out the letter a (letter b) at every intersection with the ray PP ′

(the ray QQ′). The resulting oriented cyclic word is called Poincaré cyclic word modulo 2
(see Figure 5.1).

Problem 5.1. (a) Any cyclic word in letters a and b is the cyclic Poincaré word modulo
2 of some closed polygonal line (for some rays PP ′, QQ′).

(b)* The parity of the winding number of a closed holygonal line l around P (Q) is the
parity of the number of letters a (letters b) in the cyclic Poincaré word modulo 2 of l (for
any rays PP ′, QQ′).

Figure 5.2: Two splittings into pairs of four red points (small circles) and four blue points
(small squares) on a circle

Assume that there are an even number of red points, and an even number of blue points
on a circle, and all these points are pairwise distinct. Split the red points into pairs, and
the blue points into pairs. Join the points in every red/blue pair by a red/blue chord (see
Figure 5.2). The sets of red and blue points are said to be linked, if the number of pairs of
intersecting red and blue chords is odd.

Problem 5.2. The property of being linked does not depend on the choice of partitions
into pairs (see Figure 5.2).

We call interesting a closed polygonal line l in the plane minus points P,Q, for which
w(l, P ) and w(l, Q) are even. By statement 4.1.a, the interestingness is preserved when
replacing the polygonal line with a homotopic one. By statement 5.1.b, for an interesting
closed polygonal line in a cyclic Poincaré word modulo 2, the number of letters a is even
and the number of letters b is even. We call an interesting closed polygonal line linked if the
letters a and b are linked.

Problem 5.3. The linking of an interesting closed polygonal line does not change when
(a) changing the rays PP ′ and QQ′;
(b) replacing a closed polygonal line l by a homotopic one.

Hint: part (b) follows from part (a).
In Assertion 5.3.b, the cyclic Poincaré word modulo 2 may not be defined for some

intermediate intermediate polygonal lines of homotopy. Therefore, the following result is
useful for a direct proof of Assertion 5.3.b.

Problem 5.4. Take two closed polygonal lines l,m homotopic in the plane minus two
points P,Q. Take disjoint rays PP ′ and QQ′ in general position w.r.t. l and m. Then there
is a homotopy between l and m such that the rays PP ′ and QQ′ are in general position
w.r.t. every polygonal line of the homotopy.
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6 A homotopy invariant in the plane minus two points

Recall that in §§5–7
• l is a closed polygonal line in the plane minus two points P,Q,
• PP ′ and QQ′ are disjoint rays in general position w.r.t. l.

Problem 6.1. There is l such that w(l, P ) = w(l, Q) = 0, l is not linked, but l is not
homotopic to a one-point polygonal line.

Consider the set of all (finite) cyclic words (including the empty word) in letters a, b. For
such a word, an elementary cancellation is the replacement of any of the subwords aa, bb by
the empty subword. Such a word is said to be economical if it has no subwords aa and bb.

Problem 6.2. A cyclic word in letters a, b yields by elementary cancellations the unique
economical word.

An economical form (or normal form) of a cyclic word w in letters a, b is the economical
word obtained from w by elementary cancellations. Denote by E2,2,c the set of all economical
words. Denote by e2(l) ∈ E2,2,c the economical form of the cyclic Poincaré word modulo 2
of l. A priori e2(l) depends on rays PP ′ and QQ′.

Problem 6.3. The word e2(l) does not change under
(a) changing the rays PP ′ and QQ′;
(b) replacing a closed polygonal line l by a homotopic one.

Problem 6.4. There is l such that e2(l) is the empty word, but l is not homotopic to a
one-point polygonal line.

Two cyclic words in letters a, b are said to be equivalent, if they can be connected by a
sequence of cyclic words, in which one of any two consecutive cyclic words can be obtained
from the other by an elementary cancellation. Denote by F2,2,c the set of all equivalence
classes.

Problem 6.5. * (a) The word abab is not equivalent in F2,2,c to the empty word.
(b) Are there two non-equivalent cyclic words, both consisting of an odd number of a’s,

and an even number of b’s?
(c) (Riddle) Construct a ‘natural’ 1–1 correspondence E2,2,c → F2,2,c.
(d) (Riddle) Describe E2,2,c or, equivalently, F2,2,c.

Problem 6.6. * The equivalence class in F2,2,c of the cyclic Poincaré word modulo 2
does not change under

(a) changing the rays PP ′ and QQ′;
(b) replacing a closed polygonal line l by a homotopic one.

7 Homotopy classification in the plane minus two points

The above homotopy invariants are not complete (see Problems 1.4, 1.5, 6.1, 6.4). Now we
are ready to introduce a complete invariant.

In this section, closed polygonal lines and their homotopy are considered in the plane
minus two points P and Q.

Let A,B,C,D be points in the plane, of which no three belong to a line. The sign of

the intersection point of oriented segments
−→
AB and

−−→
CD is +1, if ABC is oriented clockwise,

and is −1 otherwise (see Figure 7.1).

Problem 7.1 (cf. Problem 4.3). * Take a closed polygonal line m in the plane minus a
point O, and a ray OR in general position w.r.t. m. Then w(m,O) equals the sum over the
oriented segments of m of the signs of intersection points of x and OR.
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Figure 7.1: The sign of intersection point

Hint. Problem 7.1 is proved analogously to Problem 4.3.

Problem 7.2. (a) (Riddle) Analogously to §5 define a cyclic Poincaré word in letters
a, b, a−1, b−1.

(Hint: use the definition of the sign.)
(b) (cf. Problem 5.1.a) Any cyclic word in letters a, b, a−1, b−1 is the cyclic Poincaré word

of some closed polygonal line.
(Hint: use Figure 7.2.)

Figure 7.2: Figure ‘eight’ and general position rays

Consider the set of all (finite) cyclic words (including the empty word) in letters a, a−1, b, b−1.
For such a word an elementary cancellation is the replacement of any of the subwords
aa−1, a−1a, bb−1, b−1b by the empty subword. Such a word is said to be economical if it
has no subwords aa−1, a−1a, bb−1, b−1b.

Problem 7.3. A cyclic word in letters a, b, a−1, b−1 yields by elementary cancellations
the unique economical word.

An economical form (or normal form) of a cyclic word w in letters a, b, a−1, b−1 is the
economical word obtained from w by elementary cancellations. Denote by E2,c the set of all
economical words. Denote by e(l) ∈ E2,c the economical form of the cyclic Poincaré word of
l. A priori e(l) depends on rays PP ′ and QQ′.

Problem 7.4 (cf. Problem 6.3). The word e(l) does not change under
(a) changing the rays PP ′ and QQ′;
(b) replacing a closed polygonal line l by a homotopic one.

Problem 7.5 (cf. Problem 6.4). If e(l) = e(m) for closed polygonal lines l and m, then
l and m are homotopic.

Hint: The proof is analogous to Problem 6.4. See Figure 7.3.

Proposition 7.6. The following map between the set of homotopy classes of closed polygonal
lines in the plane minus two points, and E2,c is a 1–1 correspondence. The image of a closed
polygonal line l is the economical form of the Poincaré cyclic word of l.

(Proposition 7.6 is proved in Problems 7.2.b, 7.4 and 7.5.)
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Figure 7.3: Additional rays and ‘dual’ triangle in the plane minus two point

This proposition implies Theorem 1.6 for n = 2.

Problem 7.7. * (Riddle) Define the property of being homotopic for oriented cycles in
the figure-eight graph. Construct a 1–1 correspondence between homotopy classes of closed
polygonal lines in the plane minus two points, and homotopy classes of oriented cycles in
the figure-eight graph.

This assertion implies the analogue of Proposition 7.6 for the figure-eight graph instead
of the plane minus two points.

Figure 7.4: The ‘wedge of 3 cycles’ graph

Problem 7.8. (a) The same as in Proposition 7.6 replacing the plane minus two points
by a plane minus n points.

(b)* The same as in Problem 7.7 replacing the plane minus two points by a plane minus
n points, and the figure-eight graph by the ‘wedge of n cycles’ graph (see Figure 7.4).

8 Multiplication of polygonal lines

A based closed oriented polygonal line A1 . . . Am is a sequence (ordered set) (A1, . . . , Am)
of points in the plane (the points need not be distinct). Below, the word ‘oriented’ is omitted.
The point A1 is called a basepoint.

Denote by l−1 the based closed polygonal line A1Am . . . A2 for a based closed polygonal
line l := A1A2 . . . Am.

In this section, l1, l2 are based closed polygonal lines with a common basepoint X.
The product (concatenation, joining) of based closed polygonal lines l1 = XM1 . . .Mm

and l2 = XN1 . . . Nn with a common basepoint is the based closed polygonal line

l1l2 := XM1 . . .MmXN1 . . . Nn

(see Figure 8.1).

Remark. In the plane minus two points P,Q (Figure 7.2) take based closed polygonal
lines a := OP1P2 and b := OQ1Q2 whose convex hulls intersect {P,Q} at P and at Q,
respectively. In this remark, we shorten ‘the closed polygonal line obtained from a based
closed polygonal line x by forgetting basepoint’ to ‘a closed polygonal line x’.
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Figure 8.1: The product of based closed polygonal lines l1 = OM1 . . .Mm and l2 =
ON1 . . . Nn

An example to Problem 1.4.a is the closed polygonal line [a, b] := aba−1b−1. In this
language, an example to Problem 1.4.b is the closed polygonal line [a, b]c[a, b]−1c−1 (make
this rigorous by yourself).

A version of Poincaré paradox is as follows. The closed polygonal lines aba−1 and b
are homotopic, but the closed polygonal lines aba−1b−1 and bb−1 are not homotopic (bb−1 is
homotopic to a one-point polygonal line).

Problem 8.1. (a) (additivity) The winding number of the product l1l2 around a point
O outside l1, l2 is equal to the sum of the winding numbers of l1 and l2 around O.

(b) * Let A0A1A2 be a regular triangle and O its center. For j = 0, 1, 2 let sj be a
polygonal line disjoint with the ray OAj and joining Aj+1 to Aj+2, where the numbering
is modulo 3. Then w(s0s1s2, O) = ±1. (The product s0s1s2 is defined analogously to the
product of based closed polygonal lines.)

Problem 8.2. The multiplication of based closed polygonal lines with a common base-
point X

(a) is associative, but has no identity element;
(b) (Riddle) does not generate a well-defined product on homotopy classes.

Based closed polygonal lines with a common basepoint are said to be based homotopic if
they are ‘homotopic preserving basepoint’ (give a rigorous definition yourself).

Problem 8.3. (a) If l1, l2 are homotopic in the plane minus a point O, then they are
also based homotopic in the plane minus the point O.

(b) The analogue of item (a) is false for the plane minus two points.

Problem 8.4. (a) The multiplication of based homotopy classes of based closed polyg-
onal lines is well-defined, is associative, and has an identity element.

(b) For this multiplication, every class has an inverse.

So a natural group structure exists not on the set we are interested in (the set of closed
polygonal lines, up to homotopy) but on the set that currently seems less natural (the set of
based closed polygonal lines, up to based homotopy).

Indeed, to define product, we need based closed polygonal lines; to obtain a well-defined
operation on homotopy classes we need based homotopy (Problems 8.2.b and 8.4).

Below, based closed polygonal lines and their based homotopy are considered in the plane
minus two points P and Q.

The Poincaré word of a based closed polygonal line x is defined analogously to the cyclic
Poincaré word, only the movement along x begins and ends at the basepoint. Consider the
set of all (finite) words (including the empty word) in letters a, b, a−1, b−1. For such a word,
an elementary cancellation is the replacement of any of the subwords aa−1, a−1a, bb−1, b−1b
by the empty subword. Two such words are said to be equivalent, if they can be connected
by a sequence of words, in which one of any two consecutive words can be obtained from
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the other by an elementary cancellation. Denote by F2 the set of all the equivalence classes
(standard notation: ⟨a, b⟩).

Problem 8.5. * (a) Is it true that the equivalence class in F2 of the Poincaré word of a
based closed polygonal line does not change under changing rays PP ′ and QQ′?

(b) The same, if we replace the based closed polygonal line l with a based homotopic one
and fix rays PP ′ and QQ′.

(c) The multiplication of words generates an operation on F2, and turns F2 into a group
(this group is called the free group on two generators).
(d) (cf. problem 7.5) If the Poincaré words of two based closed polygonal lines l1, l2 are

equivalent, then l1 and l2 are based homotopic.

Proposition 8.6 (cf. Proposition 7.6). The following map between the set of based ho-
motopy classes of based closed polygonal lines in the plane minus two points, and F2 is an
isomorphism of groups. The image of a based closed polygonal line x is the equivalence class
of the Poincaré word of x.

(This is proved in Problem 8.5.)

Theorem 8.7 (riddle). (a) For any graph G with a basepoint, there is an algorithm recog-
nizing whether based oriented cycles in G are based homotopic.

(b) For any graph G, there is an algorithm recognizing whether oriented cycles in G are
homotopic.

(c) For any two graphs, there is an algorithm recognizing whether simplicial mappings
between the graphs are homotopic. (See definitions in [Sk, § 9 ‘Homotopy classification of
maps’], [Sk20e].)

Analogues of this theorem for 2-hypergraphs are false! This follows from the algorithmic
unsolvability of the triviality problem in some group defined by a finite number of generators
and relations. See [Sk20, Theorem 14.3.1] and the generalization in [Sk20e].

9 Solutions of some problems

Examples to Problem 1.4. See Figures 9.1, 1.5, 1.4.

Figure 9.1: A rope hanging on two (left) and three (right) nails

Hints to Problem 4.1. (a) It is sufficient to prove that if a closed polygonal line l1 is obtained
from a closed polygonal line l2 by an elementary cancellation, then w(l1, O) = w(l2, O).

Let us prove this. Let A,B,C be consecutive points of l2 such that ‘cancellation’ of B
gives a closed polygonal line l1. Then

2π(w(l1, O)− w(l2, O)) = ∠AOB + ∠BOC − ∠AOC = 0,

where the second equality holds by the second property of oriented angles in §3 (see Fig-
ure 9.2).
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Figure 9.2: An elementary cancellation of the vertex B

(b) The ‘only if’ part follows from (a). To prove the ‘if’ part, it is sufficient to prove that
if a closed polygonal line has more than one vertex, and the winding number is zero, then an
elementary cancellation can be applied.

Let us prove this. If some two consecutive vertices in the closed polygonal line coincide,
one of them can be removed by an elementary cancellation. Now assume that every two
consecutive vertices are distinct. Since the sum of the angles is zero, there are two adjacent
angles ∠AOB and ∠BOC of different signs. Then points A and C lie in the same half-
plane with respect to the line BO. Hence, the triangle ABC does not contain the point O.
Therefore, we can make an elementary cancellation of the vertex B.

Figure 9.3: Additional rays and ‘dual’ triangle in the plane minus a point

(c) It suffices to prove that any closed polygonal line is homotopic to a one that contains
only vertices of the triangle ∆ (Figure 9.3).

Let us prove this. Denote the vertices of ∆ by B1, B2, B3.
First, in the paragraph after (*) we prove that any closed polygonal line l is homotopic

to a closed polygonal line l′ that
(*) contains at least one vertex of ∆, and for any three consecutive vertices X,B, Y of l′

either B is a vertex of ∆, or points X,B, Y lie in ∠BiOBj for some i, j.
A pair {XY, B} of a segment XY of l, and a vertex B of ∆ is called a bad pair for l

if B /∈ {X, Y } and B lies in ∠XOY . We may assume that the property (*) does not hold
for l, and l contains a vertex of ∆. Then there is a bad pair {XY, B} for l. Add B to l
between X and Y by inverse operation to an elementary cancellation. The number of bad
pairs for the obtained closed polygonal line is smaller than for l. By a finite number of such
operations, we can obtain a closed polygonal line homotopic to l and satisfying (*).

Let l′ be a closed polygonal line satisfying (*). Then any vertex of l′ distinct from
B1, B2, B3 can be removed by an elementary cancellation. The obtained closed polygonal
line also has the property (*). Hence by a finite number of such elementary cancellations,
we obtain a closed polygonal line containing only vertices of the triangle ∆
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