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Abstract

In this project you can get acquainted with some remarkable equations and problems
arising from the theory of Diophantine equations. This project consists of several sections
and it is highly recommended to solve problems step by step.

In section 1 we consider the Diophantine equation 22 — Dy? = n and we suggest that
you are already familiar with the structure of solutions of equation 2> — Dy? = 1. The
theory of continued fractions helps to solve the given equation with a small n. Also, we
provide a relatively little-known method that reduces equation 2> — Dy? = n to another
one t? — Du? = m with a smaller m.

Section 2 is devoted to special cases of the equations * — Dy? = 1 and 2? — Dy* = 1.
While solving problems in this section, you will learn the structure of solutions to some
equations 2 — Dy? = n with a small n. Understanding this structure is also quite useful
for many other problems.

In section 3 we show the connection between the old problem on existence of Diophantine
quadruples and the number of classes of solutions to equation 22 — (k? + 1)y? = k2.

1 On the diophantine equation 2> — Dy? = n

Let a be an irrational number. We can represent « as an infinite continued fraction
[ag; a1, as, . ..]. A continued fraction formed from [ag; ay, as, . ..] by neglecting all terms after
a given term is called a convergent to a. We can represent k—th convergent |ay, ..., ax]
as an irreducible fraction with a numerator p; and a denominator ¢;. Denote a continued
fraction by [ag, ars1, - -] by .

Properties of convergents:

a) Pk = QkPk—1 + Pk—2,  Qk = QkQr—1 + Qr—2.
Pr@r—1 — Pre—1qk = (—D)F prgr—s — proqr = (—1)Fay..
C) pok/qor 18 an increasing sequence, por_1/qok—1 is a decreasing sequence.
d) o = Qk+1Pk+PE—1
Qk+19k+qr—1"

o

Problem 1.1. a) Prove the equalities:

PrGi-1 — Peaqk = (=)™ prgr_o — proaqr = (—1)Fay..

b) Prove the inequalities:
1 1
— < |gra —pi| < —.
Qr+1 + Gk Tk+1

c) Prove that a sequence {|gra — pr|}72, is strictly decreasing.



Solution. a) These equations can be easily proved by induction.
b) Since

o = Q1D + Pr—1
Qhp1Qe + Qr1’
we have by a)
Pr-19k — Prqi—1]
Qpi1Qk + Qe-1
As g1 = ag1 + 1/, the following inequality is true:

\qroe — pi| =

apq1 < Qpg1 < Ay + 1
Therefore

Qi1 = Q1@ + Q-1 < Q1 + Q-1 < (ap11 + 1)@ + qe—1 = Qet1 + G

and
1 1
— <@ — p| < —.
qr+1 + qk dk+1
c) By b)
1 1
‘Qk+104 - pk+1| < < < |Qk04 - pk‘-

dk+2 h k41 + gk
[ |

Problem 1.2. Prove that of any two consecutive convergents to «, at least one satisfies the

inequality
‘ a - 1
a _ — —_—
b 202
Solution. Suppose
1 1
a_]ﬁ>_2 and ‘ _ Pkt > —5.
qk 2qk qr+1 2qk+1
As « is irrational, we have
1 1
oz—]£>—2 and ‘a—pkH 5
gk 2qk qr+1 QQk_H
Since the convergents are alternately less or greater than «, by Problem 1.1
L bk Det1| _ |Dk Pre1|
=l — =+ a——| =
Akqk+1 4k qrk+1 dk dk+1
1 1
:@—a|+ o — ZhtL s .
dk dk+1 2q;  2¢.4,4

From this inequality we see that

QI%—H — 2qkQr41 + qz = (qu — qk)Q <0

which is impossible. [ |



Problem 1.3. Prove that of any three consecutive convergents to «, at least one satisfies
the inequality

L

f 0
Solution. Suppose
Pk 1 ‘ Pk+1 1 ‘ Pk+2 1
o — — > and o — > )
‘ \/_ g} G| VBl Gr+2| ~ V5GE

The convergents py/qr and pri1/qr+1 are alternately less or greater than «, as well as
Pr+1/qrr1 and prio/qrr2. As in the solution of the previous problem we get that

1 1 1 1 1 1
and

> + > + :
@kqkv1  VOGE VDG Qk+19k+2 \/ng+1 \/3q%+2

Denote q11/qr by 71 It follows from the previous inequalities that
—\/grk—i—1<0 and 7’/%+1—\/ng+1+1<0

then 7, rr11 < ¢, where ¢ = \fH is the largest root of equation 22 — v/5z + 1 = 0.
After dividing the equality qk+2 = ap1oqQri1 + qr by qraq1 we get

1
Th41 = Qk42 + —.
Tk
Now a contradiction follows:
1 1 1 2 V5 +1
> = —21l+—>14+4—-—=1 = = .
® > Tyl ak+2+rk/ +T’k +go +\/5+1 9 Y

Problem 1.4. Consider a positive integer k£ and integers p, g with ¢ > 0 such that
g — p| < |gra — pyl-
a) Prove that there are integers u, v such that
DU+ D1V =D, QRU T+ Qr1¥ = (.

b) Prove that ¢ > qp41.



Solution. a) Choose

w=(=1)"qprr1 — pars1), v = (=1)"(pgr — apr).
These integers are valid by Problem 1.1.a.
b) Take the integers u,v from a). If u > 0,v > 1 then
q = qrU + Qr41V 2 Qr1V 2 Gyl

The cases u,v < 0 or v = 0 are trivially impossible.

It remains to check the case when u,v are of different signs. Notice that the numbers
qra— pi and g1 — pi4q are also of different signs. It means that the numbers u(gra — py,)
and v(qgry1 — pry1) are of the same sign. Hence

lqa — p| = |(@ru + @r10) — (pru + pera1v)| = |ul|gee — pe| + ]| @err0c — Peta| = |qeoe — pi]

which contradicts the condition of the problem. |

Using the previous problem one can show that the convergents form a sequence of «best»
approximations to c.

Problem 1.5. If a/b is a rational number such that
=il <z
a _— = [
bl 2b?
then a/b is one of the convergents to a.

Solution. It is enough to prove the statement of the problem only for coprime a, b.
Let k be an integer such that ¢ < b < gri1. As b < g1 inequality |gra — pi| < [ba—al
is true by Problem 1.4. It follows that

bor — 1
'@ o faza L
12 1] 2bgqy,
Suppose, a/b # py/qi. Hence
1 a P ’a ‘ Dk 1 1
R - —_ - < R -
bae S0l ST T T ] T T g
which contradicts to inequality g < b. It means a/b = py/qy. |

Further, throughout the project, D is a squarefree positive integer number.

Problem 1.6. Let n be an integer that is less than VD in absolute value. Assume that
equation 22 — Dy? = n has a solution zg, yy in positive integers. Prove that xq/yo is one of
convergents to v/ D if:

a) m is positive;

b) n is negative.



Solution. a) The equality
(zo — %oV D)(xo + YoV D) = n,

implies that xy > QO\/E.
Therefore

o n n v D 1
0<—=—-+vD= < <——==
Yo vo(zo +yovVD)  wyo(yovVD +yovD) 2y5vVD  2y;

it follows from Problem 1.5 that x(/y is a convergent to v/D.
b) Analogously to the proof of a), we find that 1o/x is a convergent to 1/v/D. Hence
xo/yo is a convergent to VD. |

Definition. A real irrational number which is a root of a quadratic equation with integral
coefficients is called a quadratic irrational.

An infinite continued fraction is said to be periodic if it is of form [ag; a1, ... a;, by, ... by).
If it is of the form [by,...b,,] it is said to be purely periodic. The smallest positive integer
m satisfying the above relationship is called the period of the expansion.

Problem 1.7. a) Prove that if « is a quadratic irrational and a, b, ¢, d are rational with not

both ¢ and d zero then number
a + ba

c+ da

b=

is either rational or a quadratic irrational.
b) Prove that each periodic continued fraction is a quadratic irrational.

Solution. a) It is easy to see that
a + b
o =
cd+dp
for some integers a’, v/, ¢/, d’, and not both ¢’ and d’ are zero. Let « be a root of the quadratic
equation kz?+lx+m = 0 with integer coefficients k, [, m. Then 3 is a root of the quadratic
or linear equation

k(d +b2)*+1(d +b2)(d +dz)+m(d +dx)*=0

with integer coefficients.
b) Let o = [ag; aq, . ..a, by, ...by]. Then

a1 = [bla <. bm] = [bla <. bm7 Oél—l—l]-
If p)./q; is the k—th convergent to a;. then

/ /
P41 + Dy
/
g1 +q,

a1 =

so that

@1 + (@1 — Pl)ausr — phy_y = 0.



Thus, since aqy1 is not rational (the continued fraction expansion is infinite), a1 is a
quadratic irrational.
If pr/qr is the k—th convergent to « then

_ Qi + pr-1
Q4191 + qi—1

It follows from a) that « is either rational or a quadratic irrational. Since « is an infinite
simple continued fraction, « is a quadratic irrational. |

The converse to previous problem is also true.

Problem 1.8. a) Suppose « is a real, irrational root of az? + bz + ¢ = 0, where a, b, ¢ are
integers and a # 0. Prove that aj1 is a root of the polynomial

Akﬂfz + Brx + C = 0,

where
Ay, = apj, + bprqr + cqj,
By, = 2apipr—1 + b(Prqr—1 + Pr—1qx) + 2cqrqr-1,
Cy = api_l + bpr-1qr—1 + qu%_1
and

B} — 4A,C, = V* — 4ac.

b) Prove that there is a number M such that | Ag|, | Bx|, |Ck| < M for any positive integer
k.

c¢) Prove that each quadratic irrational has a periodic expansion as a continued fraction.

Solution. a) It follows from properties of continued fractions that

o — Q1P + Pr-1
Qp1qr + qr—1

If we substitute this value of o into aa? + ba + ¢ = 0 and rearrange the coefficients, we
obtain
Aka,%ﬂ + Bragy1 + Cp = 0,

where Ay, By, C}. are as given in the statement of the problem. By direct computation we

obtain
B,% — 4Aka = (b2 — 4ac) (pqu,l — qkpkfl)Q = 52 — 4ac.

b) By Problem 1.1.b we have
1
laqr, — pr| < —
qk
SO we can write -
P =ogq+— el <1,
qk



where ¢, of course, depends on k. Substituting this into the expression for A, we obtain

2

g g

Ak=a<aqk+—) +b(aqk+—> Q. + cq;
qr gk

(aa2—|—boz—|—c)q,%+ <2a0z—|—b+a—§> ‘€

P
(2aa+b+a—§> - €.
P

Thus,
|Ax| < |2ac + b| + |a

which implies that all of the A must come from a finite set of integers. As Cy = Ax_1, a
similar result is true for the C}. Since

B? — 44,0, = b* — 4ac,

we have
B = [44,Cy 4+ b° — dac| < 4{[2ac + b| + |a|}* + |b* — dac]

and B} is also bounded.
¢) Since a quadratic equation can have at most two distinct roots, it follows from b) that
there are at least two equal numbers in the sequence of ay. It means « is periodic. |

Definition. Let o = a+bv/D, where a, b are rational and v/D is irrational. The conjugate
of o, denoted by o, is the number a — bv/D.

Problem 1.9. Let a be a quadratic irrational.
a) Prove that if the continued fraction of «v is purely periodic then a > 1 and —1 < o/ < 0.
b) Prove that if « > 1 and —1 < o < 0 then the continued fraction of « is purely
periodic.

Solution. a) Let o = [ay, .-, Gm) = [a1,. .., am, . Since a; > 1 for any positive integer i,
we obtain o > 1.
If pr/qr is the k-th convergent to o then

o = apPm + Pm—1
adm, + dm—1

so that « is a root of

f(ZL‘) = Qm$2 + (Qm—l — pm)ZU — Pm—1 = 0.
Since
f(_l) = (Qm - Qm—l) + (pm —pm_l) >0

and
f(O) = —Pm-1,



we obtain that o/, the other root of f(z) = 0, must be between —1 and 0.
b) Suppose « is a quadratic irrational, & > 1 and —1 < o/ < 0. Let a1 = « and define

oy inductively
1
Q-1 = A—1 + —.
093

We know that ay is a root of equation fi(z) = ppx® + qrx + 7 = 0 for some integer
Dk, Qk, k- Note that 1/ay1 = o — ay, is a root of equation

fr—1(ar—1 + ) = pro1w? + (2pp—1ak-1 + @e-1)x + fr—1(ar—1) = 0.

It follows that
1 1 1 1\’ 2Dk 1ap_1 + G
i +<>:_pk1k1%1

/

!/
— = —2ap-1 + ap—1 + ap_q,
(075 Oék 0753

Qg Pk—1
and
, 1
Q1 = ap—1+ 04_2'
It can be proved by mathematical induction that
—1<a,<0

for any positive k and, as a consequence,

X
ap—1 — - |-
Qp,

Since a = [aq,...,ag, apy1] and « is a quadratic irrational, by Problem 1.8 there exist
positive integers k£ and [ such that ap,1 = ag¢11. Thus,

1 1
ap = | — / — | T = Qg+t
Q1 AR |

and |
ap = ag + = Qf4t T = Qg+t
k41 Qf+t+1
If we apply this process k times, we obtain
=01 = Oy
Finally,
a=lay,...,a, 0] = [ag .., @l

Problem 1.10. Write the continued fraction [ag; a1, as, . . . ax, api1] of VD.
a) Prove that ay is purely periodic for any positive integer k.
b) Prove that there exist positive integers by, ¢t such that

bk+\/ﬁ

Xp+1 =

and



Solution. a) Let [ag; ay,...] be the continued fraction of v/D. Consider the quadratic irra-
tional o« = ag + V/D. Since ag = [\/E], it follows that o’ is in bounds —1 < &/ < 0. Then
by Problem 1.9.b the continued fraction of « is purely periodic. Thus,

\/Ezoz—a():[2a0,a1,...,an]—a0: [ag, a1, ..., an, 2a].

The statement of the problem follows.
b) Since
VD = PE + Pr—1
QrOk+1 + Qr1’

we have

Qpry = -1V D — pr—1
+1 = :
Pr — @V D

Now we rationalize the denominator:

G-1VD —pr—1 (@-1VD — pi1)(pr + VD)

Qp+1 = = =
Pk — @V D p; — D}
_ (DQkaq - kak—l) + (kak—l - il?k—l%)\/E _ (DQka—l - pkpk—l) -+ (—1>k+1\/5
ri — D pi — Dg

Take by, = (—1)*"(Dqrqr—1 — prpr_1). To complete the proof, it’s enough to check that by,
and ¢ are positive for any k.

First, ¢y is positive since sign(p: — Dgq?) = sign <% — @) = (—1)F1

Secondly, by, is positive because ¢ is positive and 2b;/c, = ap + aj, > 0. The latter
follows from a) and the Problem 1.9.a. |

It follows from the previous problem that sequence p? — Dz is periodic with a period
equal to or twice as large as the period of continued fraction for v/D. This fact together with
result of Problem 1.6 describes all the solutions to equation 2> — Dy? = n with |n| < V/D.

In the sequel, we consider only solutions to equation z2 — Dy? = n with = + yv/D > 0,
because (—z, —y) is also a solution whenever (x,y) is a solution.

It is easy to see that if the equation x> — Dy? = n has an integer solution (zg, yo) then
it has an infinite number of such solutions (xy, yx) defined by

2p + V' D = (20 + yoVD) (s + tVD)F,

where (s,t) is the minimal positive solution to the corresponding Pell’s equation.
Definition. Two solutions (x1, 1) and (x9,42) to equation 2> — Dy? = n are said to be
in the same class if there is an integer n such that

2y + 4oV D = (21 + 11V D)(s + tVD)",

where (s,t) is the minimal positive solution to the corresponding Pell’s equation.
We say that (z,y) is the minimal solution in the class if 1 < z + yv/D < s + t/D.
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Problem 1.11. How many classes of solutions does an equation
2 — (m? = 2)y* =2

have for any integer m > 17

Solution. Notice that (m? —1,m) is the minimal solution to the corresponding Pell’s equa-
tion 22 — (m? — 2)y? = 1. Consider some class of solutions to equation 2% — (m? — 2)y? = 2
with minimal solution (u,v). By definition,

1<a:u+v\/m2—2<B:m2—1+m\/m2—2.

Since
/2 =u* — 1 +uvym? — 2,

(u? — 1,uw) is another solution to Pell’s equation 22 — (m? — 2)y* = 1. It means that
a?/2 = ! for some integer I. From the inequalities 1 < o?/2 < $%2/2 < (2 it follows that
[ = 1. Hence a = /28 = m + v/m?2 — 2 and equation z? — (m? — 2)y? = 2 has the only
one class of solutions with the minimal solution (m, 1). |

Definition. A solution (xg, o) of 22 — Dy? = n is said to be primitive if zq and gy are
relatively prime.

[t is obviously sufficient to find only primitive solutions, because if ged(xg, yo) = d > 1
then (z¢/d,yo/d) is a primitive solution to

n
xQ—DyQZ ﬁ

Problem 1.12. If (g, o) is a primitive solution to equation 2> — Dy? = n then there exists
an integer k£ such that

xo = kyy mod n

and
k>=D mod n.

Solution. Since x(y and yy are relatively prime, so are yy and n. Thus, there exists an integer
k such that
xo = kyy mod n

Therefore
x5 — Dyt = k*yi — Dyt = yj(k* — D) mod n

which in view of ged(y2,n) = 1 implies that
k*=D mod n.
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It follows from the previous problem that if D is a quadratic nonresidue modulo n then
the Diophantine equation
> — Dy* =n
has no primitive solutions.
Definition. We say that a primitive solution (zg,yy) to the equation 2? — Dy? = n
belongs to the integer k if
xo = kyy mod n
and
k*=D mod n.

2

Problem 1.13. Prove that two primitive solutions to equation 22 — Dy? = n are in the same

class if and only if they belong to the same integer.

Solution. Suppose (1, y1) and (2, y2) are two primitive solutions to equation 22— Dy? = n
such that

Ty + 1oV D = (x1 + VD) (s + tvVD)F,

where (s, t) is the minimal positive solution to the corresponding Pell’s equation. Of course,
(s +tv/D)* = u + vV/D, where (u,v) is another solution to Pell’s equation. Then

To = x1u + y1vD, Yo = 110 + Y1u.
Assume that the solution (x1,%;) belongs to the integer k. Then
Yok = r1vk + yuk = y1kvk + v1u = y1vD + U = X9,

Thus the solution (z9,19) belongs to the same integer k.
Conversely, let solutions (x1, ;) and (x2,y2) belong to an integer k. Then

29 + Y2/ D _ (xz + ?J2\/5> (561 - yl\/ﬁ) _
1+ 1V D (5’31 + y1\/5> (371 — yl\/5>

_ D _
_ L1T2 — Y1Y2 n T1Y2 — T2Y1 \/5
n

n
Since

T = ylk, To = ygk‘, /{32 =D mod n,
we have

T1%9 = y1yek” = y1y2 D mod n
and
T1Y2 = Y1yek = woy1 mod n.

Thus

122 — Y1y2 D . Y2~ Tap
n ’ n
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for some integers u, v and so

D
x2+y2\/_—u+v\/5.

T+ y1\/5 N
Similarly
nowb_ B
y1\/_
Therefore

u? —v*D = (u+vVD)(u — vVD) =
x2+y2\/5 zo— VD n

R

T ntyVD m—yV/D 7

which means that (u,v) is a solution to Pell’s equation. Hence (x1,y1) and (x2, y2) are two
solutions lying in the same class. |

It follows from the previous problem that there exists only a finite number of classes for
any Diophantine equation 2% — Dy? = n.

Let (z9,%0) be a solution to equation 22 — Dy? = n that belongs to some integer k. It
follows from definition that there are integers ug, m such that

xo = Yok —ugn, D = k* — mn.

Problem 1.14. Prove that there is an integer ¢y such that (¢, ug) is a solution to equation
t> — Du® = m belonging to the integer +k. Express zg, 1o in terms of ¢y, uo.

Solution. If we substitute the above expressions for xyp and D into 22 — Dy2 = n and
simplify, we obtain

yem — 2yokug + (ugn —1)=0
which implies that

kuo £ /k2ud — mun+m  kug £ /Dul +m

m B m '
Since yo is an integer, the value of the radical v/Dug? + m must be an integer, say to,
implying that (¢o, ug) is a solution to the Diophantine equation

2 —u’D = m.

Yo =

For the same reason we must have
kuy £ty =0 mod m,
o (to, up) is the solution belonging to the integer +k. Finally, from

]CU() + t()
m

Yo =

it follows that
DUO + t()k

m

Ty = Yok — ugn =
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The number m from the previous problem depends on k. Notice that the choice of k is
not fixed, it is fixed only modulo n.

Problem 1.15. If |n| > +/D, the number m (from the previous problem) can be chosen to
satisfy inequality |m| < max{v/D, |n|/4}.

Solution. Choose k such that |k| < n/2. If k> < D then

If k2 > D then

By applying the method from the previous two problems repeatedly, we eventually obtain
equations

/ / /
t? — Du? =m/,

where |m/| < v/ D, which have only those integer solutions that we obtain from the numer-
ators and denominators of convergents to v/ D. A word of caution: in applying the method
repeatedly we can pick different values of k at each step.

Problem 1.16. Determine all the classes of solutions to the following equations:
a) x° — 82y? = 23,
b) 22 — 23y* = 41.

Solution. a) We find that & = +6 are the only values of k in the range
0 < k < )
K<

such that k? = 82 mod 23. Thus

Since v/82 = [9, 18], by Problem 1.6 the only equations of form
t?—82u?=n (0<|n|<V82)

that have solutions are
t* — 82u® = pi — 82¢7 = +1.

Thus, the equation t? — 82u? = m = —2 has no integer solutions, and, by Problem 1.14,
the equation 22 — 82y? = 23 has no integer solutions too.
b) The only values of k in the range

41
0< |kl < —
K <5
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such that k? = 23 mod 41 are k = +8. Thus

k*— D _ 64-23
n 41

The equation t*> — 23u?> = m = 1 has a particular solution t; = 1,ug = 0. Hence

xo = £8,y9 = *1, where x( should be equal to 8 to satisfy xy + yo\/ﬁ > (. So the

equation 22 — 23y* = 41 has two classes of solutions with minimal solutions (8,1) and

(8, —1) respectively. |

1.

m =

Problem 1.17. Prove that equation x> — 229y% = 3
a) has no integer solutions,
b) has a solution modulo every prime p.

Solution. a) The continued fraction expansion of 1/229 is [15;7,1, 1,7, 30] with the period
equal to 5. Calculate the first five values of p? — 229¢>:

PE—229¢F = 15% — 229 - 1% = —4,
pr —229¢7 = 106 — 229 - 7% = 15,
p3 — 229¢5 = 121% — 229 - 8* = —15,
p3 — 229¢5 = 227% — 229 - 15% = 4,
P —229¢% = 1710 — 229 - 113%* = —1.

By Problem 1.10 the sequence |p? — 229¢2| is periodic with the period equal to 5. Hence
by Problem 1.6 the only equations of form

22 — 229y =n (0 < |n| < V/229)

that have solutions are
z? — 229y = +1, +4, +15,
thus equation 22 — 229y? = 3 has no integer solutions.

b) It is easy to see that equation x? — 229y? = 3 has a solution modulo 2. As 3 is a
quadratic residue modulo 229, this equation has a solution modulo 229. Consider an odd
prime p distinct from 229. Each of functions 2% and 3 + 229y has (p+ 1)/2 values modulo
p. Hence by Dirichlet’s principle they are equal modulo p at some point and the equation
22 — 229y? = 3 has a solution modulo p. |

2 On the equations 2* — Dy? = 1 and 22 — Dy* =1

To solve the problems in this section, it is helpful to solve the problems from the first section,
though not mandatory. To understand the formulation of some problems, it is necessary
to get acquainted with the definition of «class of solutions» and «minimal solutions» in the
class of solutions to equation x? — Dy? = n from the first section (before Problem 1.11).

Definition. Suppose equation 22 — Dy? = n has a single class of solutions. We say that
a number a = u + vV D > 0 generates the fundamental solution to z*> — Dy? = n if (u,v)
is the minimal solution in this class.
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Problem 2.1. Prove that if equation 22— Dy? = —1 has a solution then it has a single class of
solutions. Prove that if & = u—+wvv/D generates the fundamental solution to 22> — Dy? = —1
then the fundamental solution to 2?2 — Dy? = 1 is given by 3 = o?.

Solution. Consider some class of solutions to equation 2> — Dy? = —1 with minimal solution
(u,v). By definition,
l<a=u+vVD< s.

Notice that a? = (u+vv/D)? = u? + Dv? 4 2uvy/D generates a solution (u®+ Dv?, 2uv)
to Pell’s equation 22 — Dy? = 1 because

(u? + D*)’ = D(2uv)’ = (u + Do’ + 2uV/D)(u” + Do — 2u0v/D) =
= (u+vVD)(u—vVD)? = (u’ = Dv*)* = (-1)* = L.

It means that o> = /' for some integer . From the inequalities 1 < o < S it follows
that [ = 1 or 2. If [ = 2 then a@ = [ which is impossible because o and S generate

fundamental solutions to different equations. Thus [ = 1 and o®> = S. It means that
equation z? — Dy? = —1 has a single class of solutions and a generates the fundamental
solution to it. |

Problem 2.2. Let (u,v) be the fundamental solution to Pell’s equation 22 — Dy? = 1. Prove
that equation 22 — Dy? = —1 has a solution if and only if u = —1 mod 2D.

Solution. By Problem 2.1, if a + bv/D is the fundamental solution to 22 — Dy? = —1 then
u +vvD = (a + bv/D)?. Hence

u=a’>+ Db =2Db> —1= -1 mod 2D.

Conversely, if u = 2Dk—1 then v? = 4D?k>—4Dk+1 = Dv?+1. Hence 4Dk*—4k = v2.
Therefore v is even, v = 2z, and k(Dk — 1) = 22. Since k and Dk — 1 are relatively prime,
both are perfect squares, k = b> and Dk — 1 = a? which gives a® — Db? = —1. |

Problem 2.3. a) Consider coprime positive integers m,n > 1 such that mn is not a perfect
square and equation max? — ny? = 1 has a solution. Let (u,v) be the minimal positive
solution to this equation. Prove that the fundamental solution to 2?> — mny? = 1 is given

by v = o?, where a = uy/m + v/n.
b) For any integer a > 2, describe all the integer solutions to az? — (a — 1)y* = 1.

Solution. a) Notice that o = (uy/m+v+/n)* = u?m +v*n+ 2uv\/mn generates a solution
(u?m + v*n, 2uv) to Pell’s equation x? — mny? = 1 because

(w?*m + v*n)?* — mn(2uv)? = (u*m + v’n + 2uvy/mn) (v’m + v*n — 2uvy/mn) =

= (/i + o/ — o/ = (e = ) = 1

It means that o® =~/ for some integer [.
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If 1 is even then o = 4"/? = p+ gy/mn for some integers p, ¢ which is impossible because
m,n > 1.
If I is odd and I > 1 then 8 = a(y('79/2) also generates a solution to equation

ma? —ny? = 1 and 1 < B < « which contradicts minimality of u,v. This means that

| =1and v = o’

b) Equation az® — (a — 1)y* = 1 has the minimal solution (1,1) which is generated by

a = a++va—1. By a), v = o generates the fundamental solution to Pell’s equation
22 —a(a — 1)y?> = 1. Let (u,v) be a solution to equation ax? — (a — 1)y*> = 1, and let
B = uy/a+vy/a — 1. Proceeding in the same way as in the proof of a), we see that

B3 = (uy/m + vy/n)? = u?m + v’n + 2uvy/mn

generates a solution (u?m + v’n,2uv) to Pell’s equation ? — a(a — 1)y? = 1. Therefore
3% = ~! with an odd L. It follows that 8 = o/ and

uva+vva—1=(va++va—1)
for an odd [. [ |

Problem 2.4. Suppose that the fundamental solution to 22 — Dy? = —4 is 2a = a + b\/D,
where a and b are odd integers. Find the fundamental solutions to equations

22— Dy? =4, 2> — Dy* = -1, 22 — Dy?* = 1.

Solution (by V. Patrushev). Notice that
a?>=0b"=1 mod 8
and
D=0D=d"+4=5 modS8.

Since 2o = a + bV D > 1, we have 0 < bv/'D — a < 4. Therefore a > —1 and b > 1. If
a=—1then b=1, D =5, and 2a = v/5 — 1. It is easy to check that the fundamental
solutions to given equations are given by

3—1—\/5:2@_2, 2—|—\/5:a_3, 9+ 4v5=a"

Suppose further D > 5, then a,b > 1 and a > 1. One may check by direct computation

that numbers 202, a3, a® are solutions to equations

2> —Dy* =4, 2> —Dy*=—1, 2* —Dy* =1

respectively. Suppose /3 generates the fundamental solution to equation 2> — Dy? = —1,
then o® = B* for some odd positive k. Since o # 3, we have k # 3. Suppose k£ > 5. Then
there is an odd [ such that k/3 <1 < 2k/3. It follows that

o = ﬁk/?) < Bl < 062 _ 62k/3'
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Notice that

20/
1< Y= F < 2
and v generates a solution to equation 2> — Dy? = —4 which is impossible because 2a
generates the fundamental solution to this equation.
Hence ¥ = 1 and the number o® generates the fundamental solution to equation
x?> — Dy? = —1. Furthermore by Problem 2.1 the number a® generates the fundamen-

tal solution to Pell’s equation 22 — Dy? = 1.

Suppose now that 28 = p + ¢v/D generates the fundamental solution to equation
22 — Dy? = 4. Let us prove that § = 2. If it is false then § < o?.

If p is even then, as D is squarefree, ¢ is even too. It means that ¢ generates a solution
to Pell’s equation 22 — Dy? = 1 which is impossible because § < ab.

If p is odd then ¢ is odd too. Hence p?> = ¢> =1 mod 8. Notice that the number

53— PHaVD) _ p(r?+3¢°D) | q(3p*+¢*D)
8 8 8

generates a solution to Pell’s equation 22 — Dy? = 1 as p? + 3¢°D and 3p? + ¢*D are
divisible by 8. It follows that 6% > a% which contradicts to the inequality 6 < a?. Hence

d = o and the number 202 generates the fundamental solution to equation 2% — Dy? = 4.
|

Problem 2.5. Prove that the following equations have no solutions in positive integers:
a)xt —8z1=1; b)az?—-2yt=1.

Solution. a) Let us rewrite the equation as (x—1)(z+1)(2?+1) = 821 It is clear that z > 1
and z is odd, so 2 = 2y + 1 for some positive integer y. Then Sy(y +1)(2y? +2y +1) = 82*
or y(y +1)(2y2 + 2y + 1) = 2% As y,y +1,2y% + 2y + 1 are pairwise coprime, numbers ¥
and y + 1 should be both perfect 4—th powers, but it is impossible for positive integer .
b) Since 22 = 2y* + 1, we have x is odd and z = 2z + 1 for some positive integer z. Then
22(z + 1) = y*, so y = 2t for some positive integer ¢, and z(z + 1) = 8t*. The numbers
z and z + 1 are coprime and have different parity. If z is odd then z = b*, 2z + 1 = 8¢,
so 8¢* = ¢* + 1 but it is impossible modulo 4. If z is even then z = 8b* 2 + 1 = ¢* and
¢t — 8b* = 1. It is impossible by a). H

It is convenient for some problems provided below to use the method of infinite descent:
Let P be a property such that integers may or may not possess. If an assumption that
a positive integer ny has property P leads to the existence of a smaller positive integer
ny < ng that also satisfies P then no positive integer has that property. This is so because
the reasoning that led from ng to ny, if applied to the latter will produce no < n; that has
property P too. Since the process could be repeated thus leading to an infinitely decreasing
sequence of positive integers - which is impossible - the assumption that P is satisfied by a
positive integer implies a contradiction and, hence, is false.
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Problem 2.6. Prove that the following equations have no solutions in positive integers:
a)attyt =22 ) at—22 =1 B)att+y?=2t
r) 2t — 2y* = —1, except (x,y) = (1,1).

Solution. a) If a prime p divides x and y then p* divides 22, so p? divides 2. But then
(2,9, 2") = (x/p,y/p, 2/p?) is a positive solution with 2’ < z, so we can make a step of
descent.

Suppose x, y are coprime. So (22,42, 2) is a fundamental Pythagorean triplet, and there
exist coprime positive integers m,n, not both odd, with {z2,y?} = {m? — n? 2mn} and
z = m? 4+ n?. Without loss of generality 22 = m? — n? and y?> = 2mn.. Note that z is odd
and y is even.

Now 22 +n* = m?. A prime divisor of both x and n must divide m, but ged(m,n) = 1.
So x,n are coprime and (z,n,m) is a fundamental Pythagorean triplet. This means that
there are coprime positive integers a, b with {a® — 0?, 2ab} = {x,n} and a? +b? = m. Since
z is odd, we have = = a®> — b and n = 2ab.

Now 32 = 2mn = 2(a® + b*)(2ab) = 4(a® + b*)ab. But ged(a,b) = 1, so the members of
{a,b,a® + b*} are pairwise coprime and their product (y/2)? is a square. Therefore each of
a, b, a®+b? is a square and there are positive integers d, e, f with a = d?, b = €2, a®+b* = f2.
Hence

fP=ad® 4+ =d + e
But
fP=d>+b*=m<m?+n*=z,

so f < f? < z. Again we are able to make a step of descent. It follows that equation
x* 4+ y* = 22 has no solutions in positive integers.

b) This equation can be rewritten as 2% + y* = (y* + 1)?, so it has no positive integer
solutions because equation z* 4+ y* = 22 has no positive integer solutions.

¢) Similarly to a) we suppose that x, y are coprime. Thus, there exist two coprime positive
integers a, b with different parity, such that

22 =a?+ b 22 =a’ + b
2 =a?—0b% or x2 = 2ab
y:2ab y:az_bQ.

The first case implies
(z2)* = a* — b

which let us make a step of descent since a = v/22 — b? < z. In the second case there exist
two coprime positive integers o, 3 such that a = 2a?,b = 5% and 22 = 4a* + B*. Clearly 2
must be odd and there exist two coprime positive integers m, n such that

2 =m?+n?
82 = m? — n?

202 = 2mn.
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Again, there exist positive integers v, § such that m = 72, n = 62 which let us make a step
of descent since

62=m2—n2:74—54

and vy < a<2a®=a< 2.
d) Square the equation 2y? = % + 1:

dyt = (2 + 1) = 2 + 22" + 1.

Rearranging and dividing by 2 gives

2 2
4 z”—1 4
y—( 5 )+:1:.

By b), 2 = 1. Therefore (z,y) = (1,1) is the only possible solution to equation z*—2y? = —1
in positive integers. |

Problem 2.7. Find all the solutions to the following equations in positive integers:
a) 1?2 =8t — 82+ 1; b) 2? =21+ 442 + 1.

Solution. a) Rewrite this equation as 8t* = (42 — 1)? — 2% = (4> — 1 — x)(4t*> — 1 + x).
As 8t*, 4> — 1 are coprime, the greatest common divisor of 4t> — 1 — z and 4t> — 1 + x is
equal to 2. Then there exist coprime positive a, b such that ¢ = ab and

{48 — 1 — n,4t* — 1 +n} = {4a*, 20"}.
It means that
4(ab)? —1=4t* —1=2a" +b* = b* —2(a* — b*)* = 1.

By Problem 2.6.b this is possible only if a = b = 1, so (z,t) = (1, 1) is the only positive
integer solution to given equation.
b) Similarly,
2t = (22 + 1) —2? = (28 + 1 —2)(2* + 1 + )

and
ged(2t2 +1 — 2,28 + 1+ ) = 2.

Then there exist positive integers a, b such that ¢ = 2ab and
{2t> + 1 —n,2t> + 1 +n} = {164, 20"}.
[t means that
2(2ab)* +1=2t>+1=8a* +b* = b* —2(2a* — b*)* = —1.

By Problem 2.6.d it follows that a = b = 1, so (z,t) = (7,2) is the only positive integer
solution to given equation. |
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Consider the equation z* —6y? = 1. The minimal solution to Pell’s equation 2 —6y? = 1
is (5,2), so all the solutions (ug, vy) are described by

Uk + Uk\/é — (5 + 2\/6)k

Particularly,
1
ur = 5 ((5 +2V6)" + (5 — 2\/6)k) :

Note that if equation 2* — 63> = 1 has a positive integer solution then x> = u; for some
positive integer k.

Problem 2.8.
a) Prove that k is even.
b) Express ug as a polynomial in ;.
c¢) Prove that k is not divisible by 4.
d) Prove that ug; 11 — 1 is a square of an integer.
e) Find all the solutions to equation ! — 6y? = 1 in positive integers.

Solution. a) u;, = —1 mod 3 for odd k, so ux never is a perfect square.
b) ug = 2ul — 1.
c¢) If k = 4l for some positive integer [ then by b)

wy = 2usy — 1 =2(2u? — 1) — 1 = 8uj — 8u? + 1.

By Problem 2.7.a it follows that w; = 1, this is impossible for positive [.
d) Note that 5+ 2v/6 = (2 + v/6). Hence

<(5 I 2\/6)%“ (5 2\/6)2l+1) 1

o 92142

((2 VB2 (2 - \/6)2l+1>2+1 _

1
Ugl+1 = 5

_ ((2 + \/6)2l+1 + (2 — \/6)21+1> 2 L

2l+1

e) It remains to consider the case k = 4l 4+ 2. By d) we know that ug 1 = ® + 1 for
some positive integer c¢. Furthermore 22 = uy4 0 = 2(c2 + 1)2 —1 =244+ 1. Tt follows
from Problem 2.7.b that x = 7. Hence (z,y) = (7,20) is the only positive integer solution
to equation * — 6y% = 1. |

Problem 2.9. a) Prove that if equation 22 — Dy? = 2 has a solution then it has a single class
of solutions. Also, if & = u 4+ vv/D generates the fundamental solution to z? — Dy? = 2
then the fundamental solution to 22 — Dy? = 1 is given by 8 = a?/2.

b) Prove that equation 2 + 1 = 2(¢* — 1)? has no solutions in positive integers.

¢) Prove that if equation 22— Dy? = 2 has an integer solution then equation z*—Dy? = 1
has no solutions in positive integers.
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Solution. a) Consider some class of solutions to equation z? — Dy? = 2 with minimal
solution (u,v). By definition,

l<a=u+vVD< B,
where 3 generates the fundamental solution to 22 — Dy? = 1. Since
a?/2 =u® — 1+ uvVD,

we have that (u? — 1,uwv) is another solution to Pell’s equation 2?> — Dy? = 1. It means
that o?/2 = B for some integer [. From the inequalities 1 < o?/2 < 32/2 < 32 it follows
that [ = 1.

b) Since the left side of equation is not divisible by 4, we obtain that ¢ is even. Then

?—-1=3 mod4

and z2 + 1 has a prime divisor p = 3 mod 4 which is impossible.

¢) The equation 2* — 2y? = 1 has no positive integer solutions by Problem 2.6.b, so we
assume that D > 2.

If @ = u4vv/D generates the fundamental solution to 22— Dy? = 2 then the fundamental
solution to the corresponding Pell’s equation is given by 8 = a?/2 in view of a). Thus if
z* — Dy? =1 then

) Bn +6m QQn T O/Qn
= 2 - on+1 ’

le.,

) B a2n —I—O/2" +2(aa/)n B (&n _|_O/n)2
T+ 1= on+1 - on+1

Now o™ + o/" is an integer, and so either n is odd yielding 2> + 1 = s? whence z = 0
which is impossible or n = 2m is even whence

2 4+1= 232,
where
a2m + O/2m
§= 2m+1
Then

2m+1

s+1= =t or 2t

If s =2 — 1 then
2 41=2(-1)°
which is impossible by b).
Finally, if s = 2¢> — 1 then
a? =8t — 8" + 1

and x = 1 by Problem 2.7.a. It follows that y = 0 which is a contradiction.
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Problem 2.10. Prove that if equation 2> — Dy? = —2 has a solution then equation
z* — Dy? = 1 has no solutions in positive integers with the sole exception D = 6.

Solution. As in the previous problem, we may suppose that D > 2. In the same way as

in Problem 2.9.a we obtain that equation > — Dy? = —2 has a single class of solutions
and if @« = u + vV/D is the fundamental solution then the fundamental solution to the
corresponding Pell’s equation is 3 = a?/2. In this case of course ae/ = —2. If z* — Dy? = 1
then n m 2n 2n
2 g+ B _a"+a
2 on+1 ’
le.,
( a + a/n)2
()" = g

Thus if n is odd we obtain 22 — 1 = s? whence = = 1, i.e. y = 0, while if n = 2m is even
then

22 +1=2s%

where
a?m + a/2m
§ = ~ omt+l

Thus

(@m + O/m)Q
2m+1_

s+ (=1)" =
Now if m is even then s + 1 = 2¢2 and
=8t — 8t +1

which is impossible by Problem 2.7.a.
If m is odd then s — 1 = ¢? and so

=2 +1)° =1 =26 4> + 1.
By Problem 2.7.b this is possible only if (x,t) = (7,2). Hence
Dy? = 2% —1=2400=2°-3- 5%

Since equation x2 — Dy~ — 2 has a solution, we get D is not divisible by 4 and 5. Thus we
must have D = 6 and there is the only solution (z,y) = (7,20) by Problem 2.8.
|

3 On the diophantine m-tuples and the equation x> — (k* + 1)y? = k?

Definition. Let n be an integer. A set of m different positive integers is called a Diophantine
m-tuple with the property D(n) or simply D(n) - m-tuple if the product of any two of them
increased by n is a perfect square.
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Problem 3.1. Prove that there does not exist a D(n)-quadruple for any n =2 mod 4.

Solution. Suppose that {1, x9, x3, 24} is a D(n)-quadruple with n =2 mod 4. Then
zixj+n=0or1 mod4
so that
rir;j =2or3 mod 4.

Hence at most one of the x; can be even; without loss of generality, we may assume that
x1, To and x3 are odd. This implies that

rix; =3 (mod4) forl<i#j<3
Thus x1, x9, x3 have different odd residues modulo 4 which is impossible. |

For the case n = 1, the problem of existence of such m-tuples was first studied
by Diophantus, and he found a set of four positive rationals with the above property:

{1—16,%,1?7,%}. However the first D(1)-quadruple, the set {1,3,8,120}, was found by

Fermat. The folklore conjecture is that there does not exist a D(1)-quintuple. Recently,
Dujella proved that there there is no D(1)-sextuple and there are only finitely many D(1)-
quintuples.

Problem 3.2. Prove that every D(1)-couple can be extended to a D(1)-triple.

Solution. Let {a, b} be a D(1)-couple. The number
c=a+b+2vab+1

extends this D(1)-couple to D(1)-triple. |
Problem 3.3. Show that every D(1)-triple {a, b, c} can be extended to a D(1)-quadruple:
a) Prove that quadratic equation
t* +a> + b* 4+ — 2(ta+th + tc + ab + be + ca) — 4abct —4 =0
has at least one positive integer solution .

b) Prove that {a,b,c,to} is a D(1)-quadruple.

Solution. a) Direct computation shows that
to = a+ b+ c+ 2abc+ 2/ (ab+ 1)(bc + 1)(ca + 1)

is a positive integer solution to the given equation.
b) It remains to check that numbers aty + 1, bty + 1, ¢ty + 1 are perfect squares. This is
true because of the following identities:

(a+b—c—ty)?
(c+a—0b—ty)?
(b+c—a—ty)?

4(ab+ 1)(cto+ 1),
4(0@ + 1)(bt0 + 1),
4(bC + 1)(CLt0 + 1).
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In 1969, Baker and Davenport proved that the Fermat set cannot be extended to a
D(1)-quintuple.
By definition, if {a, b, c} is a D(1)-triple then there exist positive integers u, v, w such
that
ab+1=w? be+1=u% ca+1=12%

Since
b? — au® = blac +1) —albc +1) = b — a,

the equation bz? — ay? = b — a has a positive integer solution (v,u). Notice that Pell’s
equation 22 — aby? = 1 has a solution (w, 1). Let o = vVb + uy/a and 8 = w + ab.

Problem 3.4. a) Prove that for any integer [ the number a3’ is of the form
uVb +w/a,
where (v, u;) is a solution to equation
be? —ay  =b—a.

b) Prove that if ¢ > |b — a| then u_y,v_1 > 0.

¢) Prove that there exists a nonnegative integer ¢ such that
b +1=u%,, acd+1=1%,.

d) Prove that every D(1)-couple {ai,as} has exactly one extension to D(1)-triple
{ay, a9, az} such that
max{ay, as} < ag < 4dajas.

Solution. a) By direct computation we see that o3 is of the form v;v/b+ u;/a with integer
ug, v;. It follows that

(Uz\/g — ul\/a)(w - \/%) = "Ul\/g - ul\/ﬁ.
Multiplying both identities, we get
b} — au? = (W? — au®)(w? — ab)' = b — a.

b) Notice that
v =vw —au, U1 =uw—bv

so it is enough to prove the following inequalities:
vw > au, uww > bv.
Squaring the first inequality we get

(ac+ 1)(ac + 1) > a*(be + 1)
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or
a’be + ac + ab+ 1 > a’be + a®

which is true when ¢ 4+ b > a. Similarly we get that the second inequality is true when
c+a=b.
¢) The number
¢ =2abc+a+ b+ c— 2wuv

satisfies the above conditions. Also

d) Let @ = min{ay, as},b = max{aj,as},c = ag then a < b < ¢. By b) we see that u_4
and v_q are positive and

v=wv_1+au_1, u=wu_1+bv_q.

Hence
ac+1=v"= (wv_y +au_)* =

= (ab+ 1)(acd + 1) 4 a*(bd + 1) + 2awv_ju_; =
= ((ab+ 1)a + a®b)c’ + a® 4+ ab + 1 + 2wav_ju_;.
Subtracting 1 and dividing by a, we get

c=(2ab+ 1) +a+ b+ 2wv_qu_.
fd=0thenv1=u_1=1landb<c=a-+b+ 2w < 4ab. If ¢ > 1 then
¢ > 2ab+ 1+ a+ b+ 2VabVadVoc > 4ab.
|

Problem 3.5. a) Prove that there are infinitely many arithmetic progressions of length 3
that are also D(1)-triples.

b) Prove that there are no arithmetic progressions of length 4 that are also D(1)-
quadruples.

Solution. a) Let (I, k) be a solution to Pell’s equation 2% — 3y? = 1. Let
a=2k—1,b=2kc=2k+1
(one can check that a,b,c > 0), then
ab+1 =4k =2kl + 1=K +1*—1-2kl+ 1= (k—1)?

be+1=4k> +2kl+ 1=K+ —1+2kl+1=(k+1)%
ca+1=4k*—1?+1=Fk%
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Hence the set {a, b, ¢} satisfies the conditions of the problem.
b) Let {a, b, c,d} be such a D(1)-quadruple with a < b < ¢ < d.
Solution I: By Problem 3.3.d this is possible only if d > 4ab. But

d=a+3(b—a) < 3b< 4ab,

that’s a contradiction.
Solution IT (by M. Demidkin, G. Kostitsyn): Numbers (db + 1)(dc + 1) and d*(bc + 1)

are perfect squares with the difference that is equal to d(b+ ¢ —d) + 1 = ad + 1. On the
other hand, this difference should be at least 2dv/bc + 1 + 1. But

2dvVbe+14+1>2da+1>ad+1
[ |

which is a contradiction.

Consider the case n = —1. It is easy to find some D(—1)-triples, for example, {1, 2,5},

{1,5,10}, {1,26,37).
Problem 3.6. a) Prove that every D(—1)-couple {aq,as} can be extended to a D(—1)-triple

{ala as, a’3}'
b) Prove that there exists exactly one extension such that

max{ay, as} < az < 3ajas.
Solution. Let @ = min{ay, as}, b = max{ay, as},c = as, then a < b < ¢ and
2

ab—1=w? be—1=u? ca—1=v

for some positive integers u, v, w. Since
b? — au® = blac + 1) —a(bc+ 1) = a — b,

we obtain that equation bx? —ay? = a — b has a positive integer solution (v, u). Notice that
equation 22 — aby? = —1 has a solution (w, 1). Let a = vv/b + uy/a and § = w + /ab.

In the same way as in Problem 3.4 one can show that for any integer I the number a5’

is of the form v;v/b + uy/a, where (v, u;) is a solution to equation

bz — ay® = (=1)'(a — b).

Similarly it is easy to check that u_q,v_1; > 0 and

ad +1 =22, bd+1=u?,

for a nonnegative integer ¢’ such that
c=2abd +a+b—c +2u_jv_qw.

Ifd =0thenb<c=a-+b+2vab—1 < 3ab otherwise ¢ > 1 and ¢ > 3ab.
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[t is known that some particular D(—1)-triples, for example, {1,2,5}, cannot be ex-
tended to D(—1)-quadruples. Moreover, Dujella and Brown proved that some infinite
families of D(—1)-triples cannot be extended to quadruples.

Problem 3.7. Prove that D(—1)-triple {n?> + 1,(n + 1)2 + 1,(2n + 1)2 + 4} cannot be
extended to a D(—1)-quadruple if

a)n =1 mod 4,

b) n =2 mod 4;

c)n=4.

Solution. Suppose {n? +1,(n+ 1)+ 1,(2n + 1)> + 4,d} is a D(—1)-quadruple. Then
(n*+1)d —1 = 2%,

(n4+1)* 4+ 1)d — 1 =,
(2n+1)?+4)d— 1=z~

After eliminating d we get the following system of equations:

(> +1Dy* — (n+1)? + D =2n + 1, (1)
(n*+1)2% — (2n 4+ 1)* + 4)2? = 3n® + 4n + 4, (2)
(n+1)*+1)2* = ((2n + 1)* + 4)y* = 3n* + 2n + 3. (3)

a) If n =4k + 1 then (1) becomes
20> — 22 =—1 mod 4
so that x is odd. Further,
n*+1=8k+2 mod 16,
(n+1)*+1=5 mod 16,
(2n4+1)*4+4 =13 mod 16.

Hence (3) becomes
522 — 13y =8 mod 16

so that y and z are both odd. Then (2) yields
(8k 4 2)2* — 132 = 8k + 11 mod 16,

2+3z2=11 mod 16,
22=3 mod 16

which is a contradiction.
b) Next, suppose that n = 2k with odd k. Then (1) becomes

> —22° =1 mod 4



so that y is odd and z is even. Now (3) becomes
222 — 5y =3 mod 8
so that z is even. Putting z = 2u and x = 2v in (2) leads to the equation
(4k* + 1) u® — (16K + 8k +5) v* = 3k” + 2k + 1.
As k is odd this leads to the congruence
w? —50* = £2 mod 8

which is impossible.
¢) If n = 4 then equations (1) and (2) become

17y* — 262° = 9,

22— 5x% = 4.

The first equation gives that
> —22°=1 mod 8

which implies that x is even. Hence z is also even; putting z = 2u and x = 2v yields
17y* — 1040°* = 9,
u? — 50 = 1.
All the solutions to Pell’s equation 22 — 5y? = 1 are given by
Up 4 v, V5 = (9 + 4V/5)"
with integer n. The following recurrence is true:
v=0, vi=4, v, =18v, —v, 1

so it follows that v = 0,4 or 13 mod 17.
Now look at equation 17y? — 104v? = 9 modulo 17:

—20°=9 mod 17

or
v> =4 mod 17

which is impossible when v = 0,4 or 13 mod 17.

28
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Let {a, b, c} be a D(—1)-triple and let r, s, ¢ be nonnegative integers defined by
ab—1=71% ac—1=3s> bc—1=1>

Assume that there exists a positive integer d that extends this D(—1)-triple to a D(—1)-
quadruple. We have

ad—1=2"7 bd—1=vy? cd—1=2"

with nonnegative integers z’, ¢/, 2’
Eliminating d from previous equalities, we obtain that 2,4/, 2z’ form a solution to the
following system of equations:

ay’ — bz’ =b—a,

az’ —cx’ =c—a,

bz* — cy* = ¢ —b.

Problem 3.8. Suppose 2 < a < b <c<d.
a) Prove that there exist integer solutions (zg, x¢) and (21,¥1) to equations

a? —cxt=c—a and b2 —cyt =c—1b
respectively such that
lzo] <5, 0< 2z <cg,

|y1|<t, O<21<C,

ZVa+ '\ = (zv/a+ zo\/c) (s + Vac),
Vb4 y've = (2Vh + Ve (t 4+ Vbe)

with nonnegative integers m, n.

b) Prove that zy = 2.

c¢) Prove that there exists dy < ¢ such that {a, b, c,dy} is also a D(—1)-quadruple.
Solution. a) It is enough to prove the statement only for equation az? — cz? = ¢ —a. Notice
that o = s + y/ac generates the fundamental solution to equation 22 — acy? = —1 and by
Problem 2.1 o generates the fundamental solution to Pell’s equation 2> — acy? = 1. Thus
for any integer [ numbers (z'v/a+2'y/c)a? generate solutions to equation az? —ca? = c—a

and there is a solution (zy, z¢) such that

a NWe—a<y=zva+zp/e < ave—a.

Since
c—a

Zo\/a—Fxo\/E’
a c—a < = zna—x9v/c < ave—a.

V' = 2va —zov/c =

we have
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It follows that
2|zolVe= |y =7 <la-a™l|=2svc—a
Therefore |xy| < sv/e — a//c < s. Also
207" <y —+ =2z,

it means that zgp > 0. Suppose 2y > ¢. Since |zy| < s, we have

2 2 2 2 2
c—a=az;—crj=ac”—cs =clac—s*)=c>c—a

which is a contradiction.
b) It is easy to see that

2= (-1)"z=(-1)"z; mod 2c.

[t follows from a) that 0 < zg + 21 < 2¢ S0 29 = 21 is the only possible option.

¢) Since 25 = 2> = —1 mod c, there is a positive integer

2 +1
c

do = < C.
It is easy to check that ady—1 = 23 and bdy—1 = 32 which shows that ady—1, bdy—1, cdy—1
are perfect squares.

Suppose there exists at least one D(—1)-quadruple that does not contain number 1. It
follows from the previous problem and from the method of infinite descent that there is
another D(—1)-quadruple that contains 1.

Existence of D(—1)- quadruples is closely related to the number of classes of solutions
to Diophantine equation z? — (k* + 1)y? = k2.

Problem 3.9. a) Prove that for any integer k£ > 1 every class of solutions to the equation
2? — (k* + 1)y* = k?* contains exactly one solution zg, yo with |yo| < k.
b) Prove that this equation has at least three different classes of solutions.

Solution. a) Note that a = 2k*+1+2kv/k? + 1 generates the fundamental solution to Pell’s
equation 22 — (k2 +1)y? = 1 and 3 = k + vk + 1 generates the fundamental solution to
equation 22 — (k% +1)y? = —1. Take any class of solutions to equation z2 — (k? +1)y? = k?
and consider solution (xg, %) in this class such that

kBl <y =0 +yoVk2+ 1 < k.

There is exactly one such solution because kf/(k8™!) = %2 = a by Problem 2.1. The
inequalities are sharp because v and k3 generate solutions to different equations.
Since

2| VE2+1= |y =+ =]y = k77| < |kB — kB~ = 2k\V/k? + 1,
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we have |yo| < k. Similarly we get that yy > k for v > kB and yy < —k for v < k3~1. This
means that every class of solutions to the equation z* — (k? + 1)y? = k? contains exactly
one solution (xg, yo) with |yo| < k.
b) Solutions (k,0), (k* —k+1,k—1) (belongs to the integer —1) and (k* —k+1,1—k)
(belongs to the integer 1) represent different classes by a). H
Definition. We call a solution (g, yo) to 22 — (k* 4+ 1)y* = k? with k > 1 an exceptional
solution if xg > 0and 0 < yp < k — 1.

Problem 3.10. Suppose {1, a, b, ¢} is a D(—1)-quadruple. Prove that there exists k > 1 such
that equation 2 — (k* + 1)y? = k? has at least two exceptional solutions (or, equivalently,
more than 5 classes of solutions).

Solution. Without loss of generality, a < b < ¢ and
a=i"+1,b=3>+1,c=k+1

for some positive integers 1, 7, k.

From the solution to Problem 3.6 it follows that either ¢ = a4+ b+ 2v/ab — 1 or ¢ > 3ab.
Hence 5 < k — 1.

Now consider the equation (y2 + 1) (k2 + 1) =241, 1ie.,

z? — (k2+ 1) y* = k2.

This equation has at least two solutions with 0 < y < k — 1, namely, y =7 and y = J.
|

Problem 3.11. Prove that equation
2 — (K 4+ 1)y* = k*

a) has no exceptional solutions if k% + 1 is a prime;

b) has no exceptional solutions if k = p’ for any odd prime p and positive integer i;

¢) has at most one exceptional solution if k& = pq for any distinct odd primes p, ¢;

d) has at most one exceptional solution if & = p'q’ for any distinct odd primes p, ¢ and
positive integers 1, j.

Solution.
a) Notice that 2 — k? = (x — k)(x + k) is divisible by prime k? + 1. This means that
either x — k or & + k is divisible by k% 4+ 1. Hence = > (k* + 1) — k and

s at— kK - (K* +1)(k* — 2k + 1)
k241 7 k241
By definition, it follows that this equation has no exceptional solutions.

b) Let (o, 90) be a solution to equation x> — (k? + 1)y* = k%. Denote gcd(xg,yo) by n,
then k = In for some positive integer [. Then equation

1'2 o (l2n2 + 1)y2 — l2

= (k- 1)

Y
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has a primitive solution (x¢/n,yo/n).
If | < nthen I2 < VI2n? + 1 and by Problem 1.6 all the solutions to equation

2 — (Pn?+ 1)y =12

should be of the form (p,, ¢m), where p,,/qn is a convergent to VI?n? + 1.

Since v/I2n? + 1 = [In, 2In], we get by Problem 1.10 that a sequence p?, — (>n? + 1)¢?,
has a period 1 or 2. It is easy to check that p,, — (I?n? + 1)¢?, = &1. Hence [ = 1 and
n = k. As yp is divisible by k, the solution (zg, o) could not be exceptional.

If I > n then [ = p/ for some j > i/2. A congruence s*> = p* +1 mod p¥ has the only
solutions s = £1 mod p#. Hence all the solutions to equation

.’,UZ o (l2n2 + 1)y2 — l?
belong to either —1 or 1. By Problem 1.14 equation t* — (I?n® + 1)u® = m with

2 _ (I2n2 11
m:S (n+):—n2

l2

has a solution (tg,ug) that belongs to £1. As | — n?| < v/[2n2 + 1, by Problem 1.6 all the
solutions to equation

? — (Pn* + 1)y* = —n?

should be of the form (py, ¢n)- Since pm — (Pn?* + 1)¢?, = £1, we have n = 1. Hence for
[ > n all the solutions to equation z* — (k% + 1)y?> = k? are primitive and belong to 1.
The solution (k* — k + 1, —k + 1) belongs to 1 and the solution (k* — k + 1,k — 1) belongs
to —1. By Problem 1.13 any solution to equation 22 — (k* + 1)y* = k? is in the same class
with one of solutions (k* — k+1,£(k —1)). It follows from Problem 3.9 that this equation
has no exceptional solutions.

c) (by V. Patrushev): Let (zg,yy) be an exceptional solution to equation

2 — (PP + 1)y =’
Denote
d- = ged(zo — yo,p°q*), dy = ged(zo + o, p2q2)-
Since (2o —yo) (w0 +yo) = 3 — y3 is divisible by p?¢?, we have d_d, = p?’q*. Consider three
cases:
1) d_ = p?,dy = ¢* Then xg, 1y are coprime and solution (g, o) is primitive and it

belongs to the integer £ such that
k=1 mod p? =—1 mod ¢

By CRT there exists exactly one such integer & modulo p?¢?®.
2) d_ = ¢*,d, = p?. Similarly (zo,30) is a primitive solution and it belongs to the
integer [ such that
=—-1 mod¢® [I=1 mod ¢
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By CRT there exists exactly one such integer [ modulo p?¢?, moreover, | = —k mod p?q>.

3) Either d_ or d, is divisible by pq. Let r = xo — pqyo, then r = +yy mod pgq. It is
easy to see that 0 < r < pq. Since yy < pq, we have either r = yy or r = pr — yp.

If r = yo then 2pqy3 = p2q¢® which is impossible modulo 2. If = pg—yo then yg = pg—1
which could not be a second coordinate of an exceptional solution.

It follows that there exist at most two exceptional solutions: (x1,y;) that belongs to the
integer k and (x4, y2) that belongs to the integer —k. Since (x2, —y2) belongs to the integer
k and |y1|,| — yo| < pg, by Problem 3.9.a we have y; = —y, which contradicts inequalities
y1,y2 > 0. Hence there exists at most one exceptional solution.

d) See [11].
|
Problem 3.12. Is it possible to find an integer k£ > 1 such that equation
’ — (K 4+ 1)y* = k*
has at least two exceptional solutions?
Solution. It is an open question known as Dujella’s unicity conjecture. |
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